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The concepts of transmission of information, process- 

ing of information and automatic contro! engineering 

originated within technology and physics. Today, how- 

ever, these concepts have also proved useful in the 

biological sciences where analogous processes of com- 

munication and control are encountered. Despite the 

differences between nonliving and living systems, 

many of the logical procedures, the experimental and 

theoretical approaches and the mathematical techni- 

ques applicable to the physical sciences also find 

natural applications in the realm of the life sciences. In 

particular, by adopting this approach to sensory and 

neurophysiological problems new insight has been 
gained into the principles by means of which organisms 

handle and utilize information. Conversely, physicists 

and engineers have shown increasing interest in natural 

mechanisms of communication and control, including 

genetic communication and the control of repro- 

duction. 

The aim of ‘‘Biological Cybernetics’’ is to promote the 
exchange of experimental and theoretical information 
in the following fields: Quantitative analysis of be- 
haviour, in both vertebrates and invertebrates; quan- 

titative micro- and macro-physiological studies of 
information-processing in receptors, neural systems 

and effectors; mathematical models of communication 

and control processes in organisms, including repro- 
ductive mechanisms; biologically relevant aspects of 
information theory, network theory, theory of auto- 
mata, theory of control systems. 
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Producing Weber’s Law with Bleaching-Type Kinetics 

S. M. Dawis 

Laboratory of Neurophysiology, University of Minnesota, Minneapolis, Minnesota, USA 

Abstract. An “adaptation model” having two stages is 
introduced and its mathematical properties are exam- 
ined. The two stages are the “adaptive process” (pa- 
rameter K,), which has bleaching-type kinetics, and the 
“response function” (parameters K, and n), which 
incorporates response saturation. In order to study the 
increment threshold functions generated by the “adap- 
tation model” the concept of a “detector” is required. It 
is demonstrated that without an adaptive process the 

compression hypothesis, in the form of the “difference 
equation”, produces increment threshold functions 
which saturate and do not obey Weber’s law. It is then 
shown that an adaptive process with bleaching-type 
kinetics can prevent saturation and produce Weber’s 
law behavior provided that the “adaptive strength” of 
the system exceeds the “detector sensitivity”. 

1. Introduction 

In recent years there has been much interest in the 

description of light adapted responses in vertebrate 
photoreceptors. In 1970 Boynton and Whitten demon- 
strated that an increment threshold function (ITF) 

generated from data on monkey foveal late receptor 

potentials was very similar to the psychophysical ITF 

for cone mechanisms obtained from human subjects. 

Specifically, the generated function obeyed Weber's 

law. This finding suggested to Boynton and Whitten 

that “a major part of the adaptive machinery is in the 

cones themselves”. The idea that photoreceptors are a 

major site of visual adaptation is now shared by many 

researchers who have since then studied photore- 

ceptors by intracellular recordings (Grabowski et al., 

1972; Norman and Werblin, 1974; Kleinschmidt and 

Dowling, 1975)'. 

1 See MacLeod (1978) for a discussion on adaptation in receptors 

In the same paper Boynton and Whitten (1970) 
proposed a model to explain the observed responses to 

increment flashes superimposed on adapting back- 
ground fields. Recently, Williams and Gale (1977) have 

questioned whether this model will generate Weber’s 

law; they demonstrated that what they termed the 

additive equation certainly will not. However, it can be 
shown that the crucial component in the Boynton- 
Whitten model which prevents saturation and pro- 

duces Weber’s law behavior is photopigment bleach- 

ing. The Boynton-Whitten model has, therefore, the 
very attractive capability of producing Weber’s law 
behavior provided that the effect of photopigment 

bleaching is strong enough. As Boynton and Whitten 

have shown, this may be the case for the cynomolgus 
macaque visual system. 

Since the initial transduction process in all eyes 
involves the absorption of light quanta by photopig- 
ment molecules, the Boynton-Whitten model is, 

theoretically, applicable to all vertebrate retinae. 

However, photopigment bleaching and regeneration is 

not the only process of light and dark adaptation”. An 

adaptation which is more rapid and more powerful 
than photochemical adaptation has been observed to 

occur in photoreceptors (Frank, 1971; Grabowski et 

al., 1972; Dowling and Ripps, 1972; Witkovsky et al., 

1973; Normann and Werblin, 1974; Kleinschmidt and 

Dowling, 1975). This rapid, powerful adaptation has 
often been called neural adaptation ; however, in order 
to differentiate it from other forms of neural adap- 

2 A very common observation is that Weber’s law begins at an 

intensity thousands of times less intense than that required to bleach 

photopigment (Dodt and Echte, 1961; Dowling, 1967; Weinstein et 

al., 1967; Frank, 1971; Dowling and Ripps, 1972; Witkovsky et al., 

1973; Normann and Werblin, 1974). The beginning of Weber’s law 

can probably be associated with the onset of light adaptation. These 

studies, therefore, demonstrate that the vertebrate eye possesses an 

adaptive process other than that provided by photopigment bleach- 

ing. See also Riggs (1971) and Dowling (1977) 

0340-1200/78/0030/0187/$01.40 
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"Response Function’ "Adaptive Process" 

log Q(t) 

Fig. 1. A schematic diagram of the “adaptation model”. The 

“adaptive process” has bleaching-type kinetics, and the “response 

function” exhibits response saturation. The important parameter for 

the “adaptive process” is K, which is defined to be the ratio k,/k, ; 
for the “response function” the important parameters are K, and n. 

See the text for a detailed discussion about the parameters, variables, 

and behavior of the model 

A Lrg 

p (I; + I,) 

C = kel; ta) pt.) 

Kany +Iq)p(Iy + a) 

Time 

Fig. 2A—C. The effect of an increment step of intensity J, super- 

imposed on an adapting background of intensity I,. A The time 

course of the light intensity /(t). B The time course of the fraction of 
subsystems, p(t), in state $. Note that p(t) has a constant value of 

p(I,) before the stimulus onset; this is because it is assumed that the 
adaptation to I, has reached equilibrium. After the onset of the step 

increment, p(t) declines to a new steady state value of p(I,+J,). C 

The time course of the effect Q(t) of the “adaptive process” on the 

“response function”. Q(t) exhibits an overshoot and adaptation when 
the increment step of light is applied. Therefore the bleaching-type 

process in the first stage of the “adaptation model” is an adaptive 
process 

tation, it will be referred to as “photoreceptor 
adaptation”?. 

In this paper it will be shown that the capacity to 
avoid saturation and exhibit Weber’s law behavior is a 

3 It is thought that adaptation (or summation) pools in the retina 

are an important stage of visual adaptation (Rushton, 1965; Tong 

and Green, 1977). This adaptation, being independent of photo- 

chemical kinetics, is another form of neural adaptation. Since this 

neural adaptation occurs at a site proximal to the receptors, 

Dowling (1977) suggests using the term “network” adaptation for 
this process 

property of a general “adaptation model” in which the 

adaptive process has bleaching-type kinetics. Although 

one specific realization of this general model is the 

Boynton-Whitten model, it is not necessary to identify 

the bleaching-type kinetics with photopigment bleach- 

ing. The “adaptation model” can also be shown to 

describe some properties of “photoreceptor adap- 

tation” in a vertebrate cone system (Dawis, in prepara- 

tion). In such a case Weber’s law behavior can still be 

anticipated from the properties of the “adaptation 

model”. Given this general applicability of the “adap- 

tation model” it becomes important to understand 

how it behaves. 

2. The ‘“‘Adaptation Model” 

The “adaptation model” considered in this paper has 

two stages: 1) the “adaptive process” which has 

bleaching-type kinetics, and 2) the “response function” 

which displays response saturation. The model is 
shown schematically in Figure 1. 

2.1. The “Adaptive Process” 

Consider a system composed of many identical sub- 

systems. Suppose that each subsystem can exist in two 

states, S and S*. Defining p(t) as the fraction of 
subsystems which are in state S at time t, assume that 
the differential equation which governs the distri- 
bution of the subsystems between states S and S* is 

given by 

dp(t) ap IO +1 BO +h, (1) 

where k, and k, are rate constants. Let us also assume 
that the effect, Q(t), of the “adaptive process” on the 

response function is proportional to the rate at which 

subsystems are transformed from state S to state S*; 

Q(H=k3 I(t) po), (2) 

where k, is a constant of proportionality. The “adap- 

tive process” is defined by (1) and (2). The reader may 

have recognized that (1) is identical in form to the 

bleaching equation (cf., Rushton and Henry, 1968) and 

that Q(t) is analogous to quantal capture rate. As 

shown in Figure 2 this bleaching-type kinetics does 
provide adaptation +. 

2.2. The “Response Function” 

The second stage of the “adaptation model” is the 
“response function”. Notice in Figure 2C that the peak 

4 The function p is defined by p(x) 2 K(x + K,) where K,2k,/k, 



change of the effect Q(t) is given by k,I],p(1,); that is 
the peak change of the effect of the “adaptive process” 
is proportional to the test stimulus I,. However, what is 
usually observed is a saturation of the response. 
Therefore let us suppose that the response, R(I(t)), of 
the model is given by 

Q(t". 
R(I(t)) O(ty" + Km hms ’ (3) 

where n and K, are positive valued parameters and 
Ryyax CAN be positive or negative depending on whether 
the response is one of depolarization or hyperpolari- 
zation, respectively. The “adaptation model” is defined 
by (1), (2), and (3). 

2.3. The “Adaptation Model” and the Experiment 

The experimental protocol commonly used to study 
light adapted responses is to adapt the system to light 
of intensity J, and then to present a test flash of 
intensity I, The parameter commonly measured is the 
peak response to the incremental flash. Under these 
conditions one can see from Figure 2C and (3) that the 

normalized peak response is given by 

RUM) __ +1)" UP, 

fewer yp. KP) lap Ky (4) 

where p, 2 p(I,), the units are chosen such that k,=1, 
and R(J,|I,) is the peak response to a test flash of 

- intensity J, presented on an adapting background of 
intensity I,°. One should realize that (4) is formally 
equivalent to the model proposed by Boynton and 

Whitten (1970). However, it is important to realize that 

the present model does not identify the “adaptive 

process” with photopigment bleaching; all that is 

required is that the “adaptive process” have bleaching- 

type kinetics. 

2.4. The Dark Adapted Response Function 

Let us examine the special case when the system is 

dark adapted, that is, when J,=0. Equation (4) then 

becomes 

RU) (5) 
ite 1 ne 

This generalized Naka and Rushton (1966) response 

function is frequently used to describe dark adapted 

responses. The parameters R,,,,x and K, now take on 

5 The objective of the “adaptation model”, therefore, is not to 

reproduce the precise temporal structure of the response to light but 

to describe the effect of adapting light on an experimentally mea- 

sured parameter, the peak response. Since the “adaptation model” 

restricts its view to response peaks it is incapable of dealing with 

such phenomena as integration time (see MacLeod, 1978) 
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familiar meanings: R,,,,, is the maximal peak response 
under dark adapted conditions, and the value of K, is 
equal to the test intensity which will evoke a half 
maximal response under dark adapted conditions®. 
The response described by (5) exhibits response 
saturation. 

2.5. The Compression Hypothesis 

The primary purpose of the “adaptation model” is to 

describe light adapted responses. To emphasize the 
importance of the “adaptive process” in this descrip- 

tion let us consider the case when adaptation is absent. 
We can effect this by setting k, =0 in (1). The result is 
that p(t) will always have a value of 1 ; consequently, (4) 
becomes the “difference equation” 

RIL.) 
Ree no adaptation 

ae Us li 
VQALY SR? eRe ©) 

By substituting (5) into (6) we obtain 

R(LL,)| =R(I,+1,|0)—R(1,\0). no adaptation 

This statement has been referred to as the “compres- 
sion” hypothesis (Boynton and Whitten, 1970; 

Dowling and Ripps, 1972; Normann and Werblin, 

1974). 
It is important to realize that the ITFs generated by 

the “difference equation” saturate and do not obey 
Weber’s law. For the case when n=1 Williams and 
Gale (1977) prove that regions are produced with 
slopes of 2 rather than slopes, as prescribed by Weber’s 
law, of 1. A more rigorous proof reveals that the region 

of slope 2 will increase if the criterion response for 

threshold detection is decreased’. This is shown in 

Figure 3. For the general case, n>0, it can be shown 

that if the criterion response is chosen small enough 

then the ITF will approach a slope of n+1 over a 
certain region. This is illustrated in Figure 4. The 

compression hypothesis by itself will not prevent satu- 

ration nor will it provide Weber’s law behavior® ; what 

is required is an adaptive process. 

6 The value for n is species dependent, usually falling in a range 

from 0.7 to 1.0. The value also depends on the response which is 

measured (van Norren and Baron, 1977). Normann and Werblin 

(1974) have suggested that the duration of the test flash may also be a 

factor in determining n 

7 All mathematical proofs mentioned in this paper are available 

upon request and will be contained in the doctoral thesis of the 

author ' 

8 Dowling and Ripps (1972), for example, constructed an ITF for 

the skate rod photoreceptor which was unsaturated and obeyed 

Weber’s law. On the basis of this, one would predict that the 

compression hypothesis cannot describe the observed light adapted 

responses. Dowling and Ripps demonstrated in their Figure 12 that 

this was indeed the case 
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Log(I,/K,) 

Fig. 3. ITFs produced by the “difference equation” when n=1. 

Although there are two parameters, K, and C, the shapes of the ITFs 

are determined by the parameter C alone. The ITFs exhibit plateaus 

in segment (a) where J, approaches a constant value of CK,/(1—C) 

and saturate at I, =(1—(C) K,/C [segment (c)]. Furthermore, as C is 

chosen smaller and smaller an intermediate segment (b), where the 

slope approaches 2, expands 

log (1s 7K.) 

Fig. 4. ITFs generated by the “difference equation” with n=0.5, 0.7, 

and 1.0, A small value (107 +) was selected for the criterion response, 

C, in order to provide regions having slopes of n+ 1 

2.6. Properties of ITFs Generated by the “Adaptation 
Model” 

An adaptive process with bleaching-type kinetics can 
prevent the ITF from saturating and provide Weber’s 

law behavior. There are two possible types of systems 

which result from the “adaptation model”. There are 

Unsaturated 
Systems (5-14) 

50 (oh ee ® 6 7810 

| Saturated 
ig Systems (1-4) 

w 
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Log (1, /K,) 

Fig. 5. A “(C,n) family” of ITFs generated by the “adaptation 

model”. Values C=0.005 and n=0.7 are chosen, and ITFs corre- 

sponding to different K,/K, ratios are shown: (Curve 1; K,/K,= 0), 
(2; 1933), (3; 1923.5), (4; 1923.4274), (5; 1923.42), (6; 1920), (7; 1000), 
(8; 100), (9;10), (10;0.98581572), (17;0.1), (12;0.01), (73;0.001), 
(14;0.0001). The shapes of the ITFs are determined by C, n, and the 

ratio K,/K,. Curve 4, a saturated system, is very close to the 
boundary between saturated and unsaturated systems 

unsaturated systems which produce ITFs that have 

plateaus at low adapting intensities and approach 

slopes of 1 at higher adapting intensities. In Figure 5 
the plateau and Weber’s law behavior of an un- 

saturated system are shown in segments (a) and (d), 

respectively. There also are saturated systems. The 

ITFs produced by saturated systems have plateaus and 
regions of saturation; these two characteristics of 

saturated systems are illustrated in Figure 5 by seg- 

ments (a) and (c), respectively. As we will see, it is the 

“adaptive process” which makes Weber’s law behavior 
possible. 

In order to examine the mathematical properties of 
the ITFs generated by the “adaptation model” we must 

first determine how the threshold increment I, de- 
pends on the adapting intensity J,. We begin with (4) 

since it describes the behavior of the “adaptation 
model” under the conditions used in obtaining an ITF. 

To begin, we must introduce the concept of a “de- 

tector”. Assume that for threshold detection 
R(7\L,)/Rmax=C, where C is a constant such that 

0<C<1. The constant C can be conveniently in- 

terpreted as the criterion response (normalized by 

Rinax)- Substituting (4) into the above equation and 
then solving for I; gives 

Ca ALA ee 
ee ae avi 

Tree 
Pa (7) 



where the function f is defined by f (x) Sx" ("+ K") 
with x20 and n>0. The ITFs generated by the 
adaptation model” are obtained by plotting log (I) as 

a function of log(,) using (7). The family of ITFs 
shown in Figure 5 was so generated. 

2.6.1. Saturated and Unsaturated Systems. The Effect 
of “Adaptive Strength”. 

From a consideration of limits the following result 
can be obtained: 

The “adaptation model” can produce two types of 
systems: 

Unsaturated systems, when parameters are chosen 
such that 

(K,/K,)">C/(1-©), (8) 

or saturated systems, when parameters are chosen such 
that 

ig Y=Cii—C). (9) 

In the regime of the “adaptation model”, let us 

define the “adaptive strength” of a system to be the 

value (K,/K,)". This definition will help us to verbalize 

the mathematical findings. For example, one might 

define the “detector sensitivity” as the value C/(1—C); 

in that case, (8) states that the “adaptive strength” of 

the system must exceed the “detector sensitivity” in 

order to prevent the ITF from saturating. 
For a saturated system the saturation point is given 

by 

K,K,(i—O/O)"" 
= =. 10) 
aK (i Cyc)'* me 

of 

2.6.2. The Plateau Region of the ITF. Both saturated 

and unsaturated systems have plateaus at low levels of 

adapting intensities. This can be seen from examining 

I, for small J,. From (7) we obtain for the plateau 

value 

cele K-(C/(1—C))*”. (11) 
Ia>0 

It is interesting to note that the parameter K, is not 

involved in the plateau value. This means that the 

plateau value is unaffected by the “adaptive strength” 

of the system (see Fig. 5). It is not necessary with the 

“adaptation model” to invoke the concept of dark light 

(Barlow, 1972) in order to account for the plateau 

region of the ITF (Boynton and Whitten, 1970). 
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2.6.3. Weber’s Law Behavior in the ITF. Let us examine 
under what conditions Weber’s law is approximated. 
For an unsaturated system, we have from (7) 

lim (I,/I,)=k, 
Igo 

where the constant k is defined as 

KS Ie Cab UK) |" I 

K, Mig Cory (A) 
(12) 

Therefore as I, becomes large we have 

log (I) log (I,) + log (k), 

and the slope of the ITF approaches 1. Thus we see 
that at high adapting intensities an unsaturated system 
approximates Weber’s law’. Those familiar with 

Weber’s law will recognize that the constant k is for all 
practical purposes the Weber constant. This gives an 
importance to (12) since this equation relates all the 

parameters of the “adaptation model” to the Weber 

constant. 

For saturated systems one can prove that Weber’s 
law can be satisfied, but only under circumstances so 

restrictive that it is unlikely to occur'®. For the 
saturated systems considered in Figure 5 the only ITF 
displaying Weber’s law behavior is Curve 4, and even 

then only the faintest hint of Weber’s law appears in 

segment (d’). 

3. Discussion 

The behavior of the ITFs generated by the “adaptation 
model” results from an interaction of two underlying 
characters. One character is due to the compression 
hypothesis which produces saturation and, if the crite- 

rion for threshold detection is small enough, a region 

of slope n+ 1. The other character is provided by the 

“adaptive process” which tends to prevent saturation 

9 Asa Specific realization of the “adaptation model” the model 

proposed by Boynton and Whitten (1970) has the same general 

properties. Therefore their model can produce an unsaturated ITF 

which obeys Weber’s law. Boynton and Whitten (1970) measured the 
values n=0.07 and K"=10000°’ (there is a typographical error 

concerning K” throughout the article; however, by examining their 

Figure 2, one can determine what they had intended). In addition, 

they decided that a reasonable value for K, was 10000 trolands and 
for C, 0.005. With these parameter values (K,/K,)"=1 and 

C/(1— C) =0.00502512 ; so condition (8) for an unsaturated system is 

well satisfied. The ITF is essentially given by Curve /0 in Figure 5 

10 Because of this behavior the “adaptation model” has to be 

modified if it is to describe the rod ITF which exhibits both Weber’s 

law behavior and saturation (Aquilar and Stiles, 1954; Daw and 

Pearlman, 1971; Green, 1973; Kleinschmidt and Dowling, 1975). A 

modification may be justified since in nature it appears that the rod 

ITF is somehow modified by the presence of a cone system (Daw and 

Pearlman, 1971; Dowling and Ripps, 1972) 



192 

and produce a slope of 1'*. The balance between the 

two characters depends on the “adaptive strength” of 

the system. When the “adaptive strength” of a system 

falls short of the “detector sensitivity” [condition (9)] 

the character provided by the compression hypothesis 

dominates; when it exceeds the “detector sensitivity” 

[condition (8)] the character provided by the “adap- 

tive process” dominates. 
One can see in Figure 5 the transition occurring in 

the character of the ITF as the “adaptive strength” is 

varied. Curve / is the ITF generated by an “adaptive 

strength” of zero and therefore displays the behavior 
expected from the compression hypothesis. Since n was 

chosen to be 0.7 and the criterion response is small, a 

slope of 1.7 occurs in segment (b). Re-emphasizing an 

earlier point, we see that without an adaptive process 

the compression hypothesis produces an ITF which 

saturates and does not obey Weber’s law. As the 

“adaptive strength” is increased (K,/K, decreased) we 

see from Curves 2 and 3 that the saturation point 
moves to higher levels of adapting intensities. 

Eventually a slope of 1 appears (Curve 4); however, 
virtually as soon as this occurs the saturation disap- 

pears. As the “adaptive strength” is increased further, 

the region of slope 1 grows and eventually supplants 
the region of slope 1.7. This is shown in Curves 7 
through /0 (see Footnote’? about the behavior exhi- 
bited by Curves 5 and 6). Then a point is reached when 

an ITF is produced which has a very simple form. For 

the parameters chosen this occurs when the K,/K, 
ratio attains a value of 0.98581572 (approximately 1); 

the corresponding ITF in Figure 5 is Curve 1/0. This 

ITF exhibits a plateau at low adapting intensities and 

11 The “adaptation model” can produce regions in ITFs having 

slopes of 0 (the plateau region), 1 (Weber’s law) and n+1 where n>0 
(compressive behavior). The model, however, has difficulty repro- 

ducing the slopes of 1/2 (deVries-Rose law) in human psychophysical 

ITFs obtained when small diameter test flashes are presented under 

“high” scotopic to mesopic conditions. If receptoral mechanisms are 

to be invoked to explain this psychophysical phenomenon, the 

“adaptation model” must be modified. Using a different model 

Barlow (1957) found that the deVries-Rose law could be anticipated 

when the effects of quantum fluctuations and background noise 

(“dark light”) were considered. Furthermore, by varying the quan- 

tum/spike gain Barlow (1965) was able to generate Weber’s law. On 

the other hand, “network” mechanisms rather than receptoral 

mechanisms might be involved. MacLeod (1978) gives an argument 

that responses evoked by small diameter stimuli may reflect effects of 

lateral interactions as well as receptor function, and Dowling (1977) 

provides evidence that in the later stages of the visual system it is not 

until high background intensities are attained that receptoral mecha- 

nisms determine ITF behavior 

12 There is a significant region above segment (b) in Figure 5 which 

has a slope of 2.4. This region is gradually replaced in Curves 5 

through 7 with a Weber’s law region. I was unable to determine a 

mathematical formula for this slope; it seems that the “adaptation 

model” may also be capable of producing regions in the ITF having 
slopes of 2n+1 

Weber’s law behavior at high intensities. Let us refer to 

any system which produces an ITF of this simple form 

as a “Weber system”. This simple form in the ITF is 

retained with further increases in the “adaptive 

strength”. This is illustrated by Curves /0 through /4 

shown in the inset of Figure 5. By the above termi- 

nology the systems which generated these curves are 

“Weber systems”. 

It should be clear from the preceding analysis and 
discussion that it is the “adaptive process” which 
prevents the ITFs generated by the “adaptation mo- 

del” from saturating. It is also the “adaptive process” 

which makes it possible for the “adaptation model” to 
obey Weber’s law. In the regime of the “adaptation 
model” a system must have a strong “adaptive pro- 

cess” in order to be unsaturated and exhibit Weber’s 

law behavior. 
In the “adaptation model” it is assumed that the 

“adaptive process” has bleaching-type kinetics. Since it 

remains, otherwise, unspecified the “adaptation mo- 
del” is a descriptive model. When it is possible to 

specify more precisely the “adaptive process” the mo- 

del becomes an explanatory model. A case in point is 
the Boynton-Whitten model in which the “adaptive 
process” is identified with photopigment bleaching. 

This flexibility is very important in light of the obser- 

vations in many vertebrate photoreceptors of a strong 
adaptive process which could not have been due to 

photopigment bleaching. Although the Boynton- 

Whitten model cannot explain the light adapted re- 

sponses observed in these photoreceptors the more 
general “adaptation model” might still be applicable. If 

such is the case then an adaptive process with 
bleaching-type kinetics can be used to describe the 
observed light adapted behavior. There are indications 

that the “adaptation model” is more than just a curve 

fitting model. It can be shown that for the model there 
is an optimal “adaptive strength”; I have found that 

the visual systems which can be described by the 

“adaptation model” are very near to the theoretical 
optimum, as might be expected if selective pressures for 

intensity discrimination have been important in the 
evolution of vertebrate visual systems. 
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On the Interaction between the Central Nervous System 
and the Peripheral Motor System 

J. H. M. van Dijk 

Department of Medical and Physiological Physics, University of Utrecht, The Netherlands 

Abstract. The problem of the control of voluntary 
human movements is considered from a cybernetic 
point of view. The human motor system is considered 
to be divided into a central part and a peripheral part. 
The peripheral part is relatively well known and may 
be regarded as a set of subsystems with well known 
input-output relations. The interaction between the 
peripheral part and the central part is related to the 
mechanisms of the peripheral motor part. With regard 
to the central part two different types of control mecha- 

nisms are possible, a) an intricate functioning of the 
central part which generates the control signals with 

regard to internal and external dynamical factors, b) 

the central part has some degree of independence with 

_ respect to the dynamics of the peripheral motor part. 
In the latter case the central part prescribes the desired 

movement exactly, but the final performance of the 

movement is also brought about by peripheral feed- 
back mechanisms. As a functional form of the in- 
teraction between the central part and the peripheral 
part it might be that the control signals are encoded in 

a way that is related to the muscle lengths. 

1. Introduction 

In research on the control of voluntary human move- 

ments five types of approach may be distinguished : 

Neuro-anatomical research, i.e. the investigation of 

parts of the brain that are involved in the control of 

voluntary movements. This investigation deals with 

the afferent and efferent pathways of the brain parts, 

the neuronal organization of the brain parts, the 

organization of the afferent and efferent pathways (for 

instance a somatotopical organization), the infor- 

mation that is conveyed by the signals, and the oper- 

ations effected on the input signals by the brain parts. 

The operations on the input signals are related to the 

organization of the afferent pathways and the type of 

information that is mediated. General operations can 

include: convergence or divergence of signals, sum- 
mation, occlusion, spatial contrasting, differentiation 

of signals, transformation of signals to another code, 
etc. (Brooks et al., 1971). 

Psychological research. Typical for this approach is 

the focusing on higher functions of the brain. The 

consequence of this approach is that less attention is 
paid to the physiological mechanisms and neuro- 
anatomical networks underlying the motor control 

and the details of the execution of the movements. The 
execution of a motor task is generally described as a 
stimulus-response scheme: desired movement-—selec- 

tion of the appropriate motor programme—motor 
performance. Aspects considered in this approach 

include various reaction, decision and calculation ti- 

mes, (learned) motor or action programmes for the 
execution of particular movements, anticipation of 

future events, the cues that are relevant for the exe- 

cution of different types of movement, the evaluation of 
movements, the working of the memory that is involved 
in the evaluation of the movements and in the learning 

and execution of the stimulus-response schemes, etc. 

(Welford, 1968; Rabbitt, 1974; Stelmach, 1976). 

Physiological approach. This approach focuses at- 

tention on elementary subsystems that can be distin- 

guished in the performance of the peripheral motor 
system, ie. detailed research on the properties of 

muscles (Huxley, 1974), muscle spindles (Cheney et al., 

1976), tendon organs (Houk et al., 1967), the spinal 

reflex organization (Gottlieb et al, 1972), etc. By 

linking these separate physiological elements one ob- 

tains a model of the peripheral part of the motor 

system. From a cybernetic point of view special atten- 

tion should be given to the input-output relations of 

the physiological elements. 
Movement analysis. The primary aim of this re- 

search is the registration of the parameters of different 

types of movement. One can distinguish between var- 

0340-1200/78/0030/0195/$02.80 
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ious aspects of movement, for example arbitrary, 

routine or following movements, the tempo of the 

movement, the limb that performs the movement, the 

relevant parameters that describe the movement, the 

type of the motor task, etc. In essence this research is 

pure phenomenological, i.e. it is concerned with estab- 

lishing the relationship between the type and the 

parameters of the movement (Bernstein, 1967). Because 

muscle activity can also be measured, there is a direct 

link with physiological research and especially with the 

coordination of the elementary subsystems in the 

performance of a movement. There is also a link with 

the psychological approach, because movement ana- 

lysis and psychological research both focus attention 

on overall aspects of motor control: input output, 

motor task>movement, stimulus— response. 

Cybernetic analysis. In this approach the experi- 

mental data and information on the first four fields of 

interest are interpreted from a cybernetic angle 
(Gawronski, 1971). The whole motor system may be 

considered as a set of (sub-) systems with certain input- 

output relations and with certain relations (interac- 

tions) between the systems. A distinction may be made 

between a central part and a peripheral part. The 
peripheral part consist of the limbs and the lower 

control centres (i.e. the motorneuronal pools). Higher 

control centres belong to the central part (ie. the 
central nervous system, CNS). The peripheral motor 

system is relatively well known and therefore the 
coordination or control of the peripheral part, involv- 

ing the integrated action of many subsystems, may be a 
link with the control activity of the CNS that is needed 

in the performance of movements. In the interaction 

between the central and the peripheral part the coding 

of the afferent and efferent signals, i.e. what infor- 

mation is mediated and in what form it is encoded, is of 

primary interest. This interaction between the central 
and the peripheral part is the subject of the present 
study. 

2. Cybernetic Analysis of the Control of Voluntary 

Movements 

2.1. The Link between the Central and the Peripheral 
Part 

The peripheral part of the motor system is relatively 

well known as far as input-output relations of the 
composing elements are concerned. The coordination 

or control of the peripheral motor system by the CNS 

depends on the possibilities and constraints of the 

peripheral part, ie. the control has to match the 
properties of the peripheral motor part. As a con- 

sequence, the physiological properties of the elemen- 

tary subsystems and of the peripheral mechanisms and 

their possible functions in the performance of a move- 

ment give some indication of the way in which the 

CNS controls the peripheral motor system. So, a first 

step in a cybernetic approach to the control of volun- 

tary movements may be a sort of inventory of possibi- 

lities, elementary subsystems and mechanisms in the 
peripheral motor system. The cybernetic aspects of the 
peripheral motor system can be divided as follows: 

Control variables, i.e. variables in the peripheral 
motor system that can be affected by the CNS; for 
instance the excitation or inhibition of the motor- 
neurons, the adjustment or regulation of the reflex 

organization (i.e. the regulation of the static, dynamic 

and force feedback gains, the regulation of the neu- 
ronal couplings between the motorneurons of different 
muscles), the regulation of the lengths of the muscle 

spindles, etc. 
Feedback of movement information. Information 

about the course of the movement is sent back to 
preceding control centres via internal (proprioceptive 

signals) and external (visual image) channels. Feedback 

signals carry information about the muscle lengths and 

their derivatives, the muscle tension, and about the 

position of the joints, etc. 
The limb mechanics, 1.e. the mechanical properties 

of the limb and the link between the limb and the 

muscles and receptors; for instance the link between 

the muscle forces and the moment contributions acting 

upon the limb segments; the link between the length /; 

and force F; of a muscle i and the position p of the 
limb: 

(Ii, Fiop. (1) 

The properties of the subsystems, i.e. the properties 

of the physiological elements such as the force-velocity 

relationship, the force-length relationship and the pro- 
perties of the excitation-contraction coupling of the 
muscles regarded as input-output relations. The mus- 

cles may be considered to be systems with at least three 

inputs, namely the neuronal excitation, the muscle 

length and the contraction velocity and one output, 
namely the muscle force (Fig. 3). 

Peripheral mechanisms, i.e. properties that may 
arise from the coordinated cooperation of elementary 
subsystems. This cooperation may be for instance 
various types of feedback of intermediary information, 
i.e. aspects of the results of the effector systems such as 
are schematically shown in Figure 1; the regulation of 
damping in the limb by simultaneous activation of 
antagonistic muscles; the (possible) derivative com- 
ponents in the control signals that may arise in the 
motorneuronal pools as a result of the Renshaw 
inhibition ; the recruitment of different types of muscle 
fibres on account of Renshaw inhibition (Scheibel et 
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Fig. 1. Schematic representation of the various types of feedback. s, 

and e, are the respective input and output signals of the k'* effector 

subsystem. Some components u,, u, of the intermediary output (for 

instance muscle lengths, contraction velocities, and muscle tensions) 

influence the effector subsystems and may be interpreted as intrinsic 

feedback mechanisms. Some components r of the intermediary 
output are detected by internal (proprioceptive) receptors and are 

relayed to control centres at various levels, where this feedback 

information may be compared with control signals from the CNS, 

_ whereupon the resulting signals may be fed back to the effector 

system 

al., 1971) or on account of supraspinal and muscle 

spindle signals (Burke et al., 1976). 

2.2. The Control of Voluntary Movements by the CNS 

The number of different movements that may be 

performed is practically unlimited and, furthermore, 
the dynamics of the peripheral motor system are very 
intricate and vary with different external influences. 
This complexity of the peripheral motor system can be 

matched by the CNS in two different ways: 
1) The CNS generates the activation patterns of 

the muscles for each movement, taking account of the 

internal dynamics of the limb and the external load. 

This calculation of the control signals or the selection 

of the appropriate motor programme from the me- 

mory will be very intricate, because of the complex 

dynamics of the peripheral motor system. A control 

theory in this case would imply that mechanisms for 

the calculation or selection of the pattern of control 

signals for each particular movement in given external 

circumstances would have to be constructed. This 
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would lead to a very cumbersome control theory, 
which would be difficult to assay because of the 
intricate relation with the neuro-anatomical sub- 
stratum underlying these mechanisms. 

2) The control by the CNS may have some degree 
of independence with respect to the dynamics of the 
peripheral motor system. In this case the patterns of 
control signals that are generated by the CNS have a 
broad form, implying that the peripheral part has to 
complete the motor performance. This method of 
cooperation would mean that the CNS prescribes the 

desired movement exactly, but that the final realization 

of the movement is also brought about by peripheral 

feedback mechanisms, which are closely related to the 
dynamics of the peripheral motor system. The more or 

less independent functioning of the CNS implies that 
various types of feedback are necessary, for instance a 

servo feedback, in which case the CNS has only to 

determine the norm (i.e. the parameters of the desired 

movement) without any need for detailed knowledge of 
the dynamics of the peripherai motor system and 
interaction with the environment (Fig. 2). Because the 

CNS has only to determine the desired movement and 

not the precise pattern of activation signals in order to 

cope with the internal dynamics and the external load, 
this type of central control is relatively simple. In the 

first instance it is necessary to investigate what kind of 

independent functioning the CNS may have in relation 

to the performance of the peripheral motor system (see 
Section 3). It is possible to distinguish two types of 
feedback that may be involved in this type of central 

control: 
a) A servo type of control in which information 

about the movement is sent back to higher control 
levels in order to compare aspects of the real move- 

ment with aspects of the desired movement. Feedback 
information and control signals have to be compara- 

ble, i.e. the coding of the control signals has to match 

the coding of the feedback information and the organi- 
zation of the effectors in the peripheral motor system. 

In Figure 2 the detailed activation signals f(t) to the 

muscles are produced by the control signals s(t) and 

the feedback signals r(t). The control signals s(t) only 

have to determine the desired movement and may have 

some degree of independence with respect to the 

dynamics of the peripheral motor system. s(t) may 

contain components that can cope with some dynami- 

cal properties of the peripheral motor system and the 

influence of the environment, but whenever the re- 

sponse deviates from the desired movement the feed- 

back signals will elicit a reaction to this deviation. 
b) Intrinsic feedback mechanisms. These mecha- 

nisms may consist of intrinsic feedback loops of infor- 
mation; for instance the degree of activation of a 

muscle depends on the contraction velocity, so that the 
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Fig. 2. Servo control diagram, showing that the control signals f(t) 

to the effector system result from the central control signals s(t) and 

the feedback signals r(t) coming from the effector system. The control 

signals s(t) may only contain information about the parameters of 

the desired movement, and may be rather independent with respect 
to the dynamics of the effector system. Deviation from the desired 

movement will cause a mismatch of the control signals s(t) with the 

feedback signals r(t). The less the control signals account for the 

dynamics of the effector system, the more is required from the 

capacity of the feedback mechanisms, in order to react to the 

deviations from the desired movement 
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Fig. 3.a The excitation-contraction coupling is driven by neuronal 

input, but depends on the contraction velocity as well. As a 

consequence, the excitation-contraction coupling may be considered 

as an intrinsic feedback loop. b The contraction mechanism is driven 

by the activation from the excitation-contraction mechanism, but 

depends on the contraction velocity as well. As a consequence of this 

intrinsic property, the contraction mechanism may be regarded as an 
intrinsic feedback property 

final activation is a result of the neuronal excitation 
(norm signal) and the contraction velocity (feedback 
signal); or the feedback may consist of intrinsic pro- 
perties of the effectors, i.e. the working of the effectors 
depends on certain aspects of the overall or inter- 
mediary output. Both the intrinsic feedback loop and 
the output-dependent intrinsic properties may have 

the quality of a negative feedback (see Fig. 3 and 

Section 4.5), and as a consequence they are mecha- 

nisms that can cope with external and internal distur- 

bances and dynamics (for instance the external load 

and the limb mechanics). The CNS may function in an 

independent or abstract way owing to the various 

feedback mechanisms. The feedback mechanisms may 

act at all levels of control and performance. 

3. Control of Movement based on the Length Principle 

3.1. The Hypothetical Relation between Movement, 

Muscle Length, and Muscle Activity (the Length 

Principle ) 

The independence of the CNS with respect to the 
dynamics of the peripheral motor system may have the 
form of general abstract codings of spatial posi- 

tions and trajectories, such as Cartesian coordinates 

(x,y,z), or joint angles (6,@,...),. The form of the 
abstraction is closely related to the interaction between 
the central and the peripheral part, i.e. it is related to 
the control variables, the feedback information from 

the periphery, and the organization of the peripheral 
motor system. The form of the abstraction determines 

in which form the control signals from the CNS to the 

peripheral motor system are encoded. A functional 
abstraction has to match the organization of the 

peripheral motor system. In order to come to a 

functional abstraction of the CNS the following as- 

pects are considered: 1) The limb position and the limb 

movement are related to the lengths of the limb 

muscles. 2) A part of the afferent (feedback) signals is 

related to the muscles, for instance signals from the 

muscle spindles and tendon organs, and another part is 

linked to the muscle lengths (joint receptors). 3) The 

efferent control signals are directly related to the 
muscles, in fact the muscles are controlled in order to 
produce the limb movement. Further considerations 

are dealt with in Section 4. These considerations lead 
to the suggestion that a functional abstraction of the 
CNS with respect to the performance of the peripheral 

motor system may be the lengths of the limb muscles, 
i.e. the coding of the control signals is related to the 

muscle lenghts. The abstraction is in this form a “static 
principle”, i.e. it is a transformation or recoding of a 

spatial pattern in muscle lengths. The length principle 
acquires a dynamical aspect by taking higher de- 
rivatives of the muscle lengths into consideration as 
well. 

3.2. Generation of Control Signals on the Basis of the 
Length Principle 

The control of voluntary movements can generally be 
considered as a transformation of a desired spatio- 



temporal movement pattern p’(t) in a spatio-temporal 
pattern of activation signals a(t): 

TO:p'(t)>a(t), (2) 
in which the vector p’ is an abstract coding of a spatial 
position (K dimensions for a limb with K degrees of 
freedom) and a is the vector of muscle activation 
signals (N dimensions for a limb with N muscles). This 
general transformation TO is in this form a very 
intricate transformation. With the help of the length 
principle the general transformation TO may be anal- 
ysed in a number of steps: 

PO Wi)— > [ L), £0, L)] a), (3) 

in which Lis the vector of the muscle lengths corre- 
sponding to the spatial position p’. The vector L has N 

dimensions for a limb with N muscles. The three steps 
in this series of transformations are quite simple in 
comparison with the general transformation: 

Transformation T1. This is a spatio to spatio trans- 
formation or a recoding of a spatial pattern, in which 
the time aspect is absent. For the execution of this 
transformation the CNS must have at its disposal a 

static internal model, ic. the CNS must be able to 

recode the position of the limbs from a receptor-bound 
coding (peripheral L-coding) to an abstract coding (p’) 
of spatial positions and vice versa. Such a static 
internal model seems to be a minimum condition for 
every control theory; namely the visual and various 
proprioceptive spatial patterns have to be transformed 
in the same abstract coding, so that the positions of the 

limbs can be compared with each other and with 
respect to the environment. The suppositions by trans- 

formation T1 are related to the separation of the 

spatial and temporal aspects in the general transfor- 

mation TO and, furthermore, it is assumed that the 

peripheral coding (L) is related to the corresponding 

muscle lengths. 

Transformation T2. This transformation adds to the 

overall transformation a dynamical aspect and fits the 

control in some way to the dynamics of the peripheral 

motor systems (Sections 2.2 and 4). This transfor- 

mation is simple to realize by using neurons or neu- 

ronal networks with a differential working. 

Transformation T3. This transformation generates 

the control signals. A distinction may be made be- 

tween the direct and the servo control, respectively the 

control signals a,(t) to the alpha-motorneurons and 

the control signals a,(t) to the gamma-motorneurons : 

PAt) cy L{t)+c,- L(t)+c;3: L(t) 

a,(t)=c,- Ut) +c: Ut)+c3: Ut). 

The direct control signals a,(t) and the servo 

control signals a,(t) have a common base according to 

(4) 
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(4), which may find express in an “alpha-gamma 
linkage” (Granit, 1970). Only the various weighting 
factors c, , , and ci, , , are different: the term c, - Lis 
relatively less relevant with respect to the other com- 
ponents, while the term c: L is very relevant with 
respect to the other components. Differences may 
occur between the direct and the servo control signals 
as a consequence of these differences in the weighting 
factors. The transformations T1, T2, and T3 are 

represented in (4) in their basic form. In fact the 
peripheral L-coding may reflect more than only the 
muscle lengths, so the transformations T1, T2, and T3 

are somewhat more intricate in the general case 
(Section 4), 

4. Evidence and Consequences of the Length Principle 

4.1. Evidence for the Length Principle as an Abstraction 

of the CNS with Respect to the Performance of the 
Peripheral Motor System 

The abstraction on the basis of the muscle lengths is 

one of the many possible forms of abstraction that the 
CNS could have with respect to the performance of the 
peripheral motor system. Evidence for this form of 
abstraction is: 1) The linkage between the muscle 

lengths and the limb position. 2) The linkage between 

the afferent signals and the muscle lengths. 3) The 

projection of the supraspinal signals to the motor- 
neuronal pools of the muscles. 4) The parallel manipu- 

lation of the signals, which has certain advantages with 
respect to a scalar, composed signal. In the parallel 

manipulation of the signals the relation with the source 
of the signal and the relative simplicity of the coding of 

the information can be maintained. In combining the 

various signals to a scalar, composed variable (i.e. a 
potential), there arises an intricate relation with both 
the source and the destination of the signals. The CNS 

manipulates the signals for the most part in a parallel 
manner, as is shown from the somatotopical organi- 
zation of the afferent and efferent pathways, in which 

the source and the destination of the information-flow 
is encoded in the specific organization of the parallel 

channels. 5) In a case when the afferent and efferent 

signals have a similar coding, for instance the per- 

ipheral L-coding according to the length principle, the 

comparison of afferent and efferent signals is possible 
at many levels without any need for prior transfor- 

mation of these signals. The result of the comparisons 

may be fed back to the peripheral motor system or 

may be sent to higher control levels as an indication 

about the difference between the intended and the real 

movement. 
The parallel information-flow and the transfor- 

mations are schematically shown in Figure 4. Besides 
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Fig. 4. Diagram of the parallel (multi-channel) information-flow and 

the transformations T1, T2, and 1T3, according to the length- 

principle hypothesis. p’(t) is the desired (imaginary) movement in an 

abstract coding; L(t) is the desired movement in the peripheral 

L-coding; L(t) and L(t) are dynamical components generated by 

transformation T2; a,(t) and a,(t) are the respective direct and servo 

control signals; p(t) is the real performed movement by the per- 

ipheral motor system; v(t) is the visual feedback ; I(t), I(t) and F(t) 

are the internal feedback of intermediary output, which may interact 

with the central control signals at various levels; G is the generation 

of the imaginary movement; C is the choice of the limb which has to 

perform the movement 
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Fig. 5. Diagram of the energy-flow between the muscles, the 

mechanical system of the limb, and the environment 

the indicated feedback loops the intrinsic feedback 

mechanisms are also relevant, for instance the direct 

control via the alpha-motorneurons makes use of 

intrinsic feedback mechanisms in the peripheral motor 

system (Section 4.5). Transformation T1 depends on 

the choice of the limb that has to perform the desired 
movement, since the peripheral L-coding is linked to 

the muscles of this limb. In the following sections some 

aspects of motor control will be considered in relation 
to the length principle. 

4.2. Minimum Energy Criterion 

The following energy consideration relates to a parti- 

cular movement, considered during a small time in- 

terval dt and, for that movement it derives an en- 

ergeticly efficient way of muscle activation. The course 

of the movement is supposed to be completely de- 

termined by the higher control centres; only the 

relative contributions of the muscles remain to be 
determined. The length of a muscle i changes a fraction 

dl, that corresponds to the course of the movement in 
the time interval t, t+dt. The work performed by the 
muscles on the mechanical system (Fig. 5) in that time 
interval is the sum of the effective work done by the 

separate muscles: 

dU =2,F,-(—dl,) (5) 

The non-effective energy dissipated per sarcomere will 

be approximated by: 

dW.,..=a-(qtk-p)-dt. (6) 
sarc 

This approximation would mean that the non- 
effective energy per sarcomere is proportional to the 
generated tension o and increases whenever the con- 
traction velocity per sarcomere is larger’. The stiff- 

ness of the muscle tendon is rather large (Hill, 1971), 

which supports the assumption that the contraction 
velocity —/, of the whole muscle (inclusive the tendon) 
is practically equal to the contraction velocity of the 

muscle fibres and as a consequence the average con- 

traction velocity 4 per sarcomere is proportional to 

—I,/lj). For a muscle i with cross-section A, and rest 
length J,, the non-effective energy dW, according to 
these approximations will be: 

dW, =(A;-l;9):o-(q+k-p)-dt 

=(4;-0)-(q—k'-li/lig)-lio-dt 

=F,-(q:l,):dt—k’-dl,). (7) 

The total amount of energy delivered by the muscles in 
the time interval t,t+dt is: 

dE=2,dW,+dU 

dE=q-dt-2,F,-1,, 

+k’: 2,F;:(—dl,)+2,F;-(—dl,). 

The movement in that time interval is prescribed, and 

can be formulated by the condition: 

(8) 

dl; is fixed for all muscles i (9) 

eA Win LF; (-dl)=C (fixed 

‘The breakdown of ATP for a single isotonic tetanus of 400 ms 
duration is roughly proportional to: g+k-Al/l) + Al (Mommearts et 
al., 1962). The breakdown of ATP depends on the developed tension 
(Davies et al., 1967). Forced stretch of the activated muscle reduces 
the breakdown of ATP (Infante et al., 1964) 



Optimum activation of the muscles would mean that 
(8) has to be minimised under condition (9). From (8) 
and (9) some broad rules with respect to an efficient 
coordination of the muscles can be derived. By assum- 
ing the same rest length /, for all the muscles, we can 
simplify (8) to: 

dE=(q-l)-dt)-2;F;+(1+k’)-C. (10) 

Expression (10) is minimal if ¥,F; is minimal under 
condition (9) and F;=0 for all muscles. This rough 
energy consideration indicates that an efficient distri- 
bution of the muscle forces F, is that distribution in 
which the muscles with the largest shortening (— dl;) in 
that interval of time have the largest forces. It can be 
concluded that the change of the muscle lengths in a 

particular movement is related to an energeticly ef- 
ficient method of muscle coordination with respect to 
the relative contributions of the various muscles. It 
should be noted that this energy consideration is only 

a rough approximation and that specific muscle pro- 
perties (rest length, fibre type) should be regarded if 

efficient cooperation of the various muscles is required. 
The generation of the control signals according to (4) 

may be expressed in a more general way in order to 
cope with these specific geometrical and fibre proper- 
ties of the muscles [Section 4.3, Formula (22)]. 

4.3.Minimum Side Effects Criterion 

There is a close relation between the moment arm of a 
muscle corresponding to a particular direction of 
rotation of a joint and the change in length of that 

muscle. In the general case of an arbitrary muscle 

trajectory and a non-ideal centre of rotation the 

following energy consideration can be derived with 

respect to the work performed by that muscle and the 

work needed to rotate the limb: 

F-(—dl)=M-da+“translation energy”, (11) 

in which F is the muscle force, —dl the contraction of 

the muscle, M the moment acting upon the limb and 

da the rotation of the limb. The translation of the limbs 

relative to each other is very small and as a sequence 

the translation energy in (11) can be neglected: 

F.(—dl)=M-dz. (12) 

For a joint with three directions of rotation the energy 

equation will be: 

Bh me(-sre(-2h 
=M,-da+M,-dB+M,-dy. (13) 

F. 

Muscle i causes in a particular joint a moment in a 

particular spatial direction. This moment may be 
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if 
Fig. 6. «, B, and y are directions of rotation for a joint. P is the point 

in which the radius r is perpendicular to the force F in the indicated 

muscle. The moment contribution of the muscle with respect to the 

centre of rotation S is M=r«F, where |M|=|r+F|=|r|-|F|-sinyn =r-F 

analysed in a desired direction « and other directions 

(side effects): 
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Side effects generally cause compensatory activity in 
other muscles. Side effects do increase the total sum of 

muscle forces and also the total amount of non- 
effective energy, which would mean that side effects 

should be small from an energetically point of view. 

Apart from the minimum-energy criterion the 

choice of the active muscles may be considered as a 

choice of those muscles that have minimum side effects 
and generate forces or moments as near as possible to 

the desired directions. This criterion would mean that 
muscles which cause moment contributions in direc- 
tions as near as possible to the desired directions are 

preferred. From (14) it appears that the side effects can 

be translated in terms of changes of muscle lengths that 

occur when the limb rotates in the various directions. 

Smaller side effects would mean for a particular muscle 

that (Fig. 6): 

|M,| is relevant with respect 

to |M,+M,+M,|=|M|=r-F 

and as consequence: 

le ;| is relevant with respect 
(6/04 
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io et —_— — say. 15 

a +( a +( 7 oe 



202 

This would mean that muscles with a large potential 

change of length in the desired direction of rotation 

have relatively slight side effects. A muscle i has slight 

side effects with respect to other muscles, if for a 

particular rotation da: 

ay 

=(- ss) (16) 
‘e (Ol0 4 i 

is relatively large. Apart from a factor 1/r;, which 
depends on the muscle i and the position of the joint, 

muscles with a big change in length are preferable since 

they minimise side effects. This consideration is related 

to muscles over only one single joint. In the general 
case the limb is composed of K joints and to each of 

these joints there corresponds a rotation dx, in the 
desired direction of rotation for a particular move- 
ment. Muscle i is suitable because of its minimal side 

effects if the amount of work delivered in the desired 
directions of rotation of the limb segments is large with 

respect to the sum of the absolute moment contri- 

butions of muscle iin the K joints. The measure for the 

suitability of a muscle i depends on the desired ro- 

tations dx, : 

dU; 
,K)=———.. (ry) Gidok=1,.2, ..: 

: 1M; 4 
dU; is the amount of work delivered by muscle i for 
particular, small rotations dw, of the limb segments: 

WU ,=F-3,(- sda (18) 
OX, C k 

The sum of the moment contributions of muscle i in 

the K joints is: 

DIM; =P i 2a; x (19) 

The suitability G; of muscle i is for the desired ro- 
tations dx, : 

Adee 1d ee, Ke (20) 

which would mean that muscle i is suitable, ie. has 

only slight side effects for the desired rotations dx, of 
the K joints if: 

l. 
de3,(- 54). (21) 

k 

is large with respect to the corresponding fraction of 

the other muscles. d; is a proportional factor, which 
depends on the position of the limb and which may be 
different for each muscle. d;=1/2,r,,, in which 1; , 
represents the moment arm of muscle i corresponding 
to joint k. In order to account for this factor d, and 

other muscle dependent factors (for instance geometri- 

cal and fibre properties), the transformation T3 that 

generates the control signals according to (4) has to be 

expressed in a more general form. The scalar factors 

C, >, andc{ 5 ; in (4) should be replaced by the vectors 

of coefficients c, , , and c, , , in order to account for 

special differences between the muscles: 

a,(t)=c,: Ut)+c,- L{t)+¢,: L(t) 

acl cal iar ca t(y. 
For instance, a muscle i that is particularly in- 

volved in fast movements would require relatively 

large c,,; and c;, coefficients in (22). The coefficient 
vectors in (22) depend on the limb position and 

therefore on the muscle lengths, ie. c=c( L), which 

would mean that the generation of the control signals 

according to (22) is. generally a non-linear 

transformation. 

(22) 

4.4. Movement Strategy 

If for a particular movement, which is desired by the 

CNS, not every a priori degree of freedom of the limb 

is prescribed, there remains some possibility of using 
the remaining degrees of freedom in an optimal way, 

i.e. of performing the movement in such a way that 

certain criteria (for instance minimum energy, mini- 

mum side effect or minimum duration of the move- 

ment) are involved as much as possible in the perfor- 

mance of the movement. For instance, the CNS may 

prescribe the course of the wrist in the time-space 

without prescribing the position of the lower arm 

(semiprone, etc.) or the vertical position of the elbow. 
A generation of the control signals, which is based on 

the length principle, will lead automatically to a per- 

formance of the movement, which is optimal in some 

respects. From Section 4.3 it follows that the genera- 
tion of the control signals based on the changes in 

muscle lengths which have to occur prefers those 

muscles that have slight side effects. If there were no 

compensatory muscle activity, then the non-prescribed 

degrees of freedom and the resulting limb movement 

would be determined by the active muscles, ie. they 

would take a form that corresponds to the most 
effective directions of the muscle forces. This would 
mean that the non-prescribed degrees of freedom will 
tend to values at which the most suitable muscles (with 
slight side effects) will be more suitable. It is to be 
expected that in a control based on the length prin- 
ciple, the non-prescribed degrees of freedom will be 
automatically adjusted in such a way that the most 
active muscles will on the whole become more effective. 
This would mean a suitable adjustment with respect to 
the minimum energy criterion (less non-effective mu- 
scle forces and less energy dissipation in the muscles), 



but the movement is speeded up as well (if the muscles 
are suitable with respect to the desired, effective forces 
the movement can be performed rapidly). 

If gravitation is considered, the general conclusion 
remains the same, but the resulting values of the non- 
prescribed degrees of freedom will be different from the 
case without gravitation. A compromise will have to 
be reached with respect to the directions of the forces 
of the active muscles and the external (gravitation) force 
acting upon the limb. It is possible that muscles which 
Oppose gravitation will benefit in respect to other 
muscles ; for instance, the coefficients c, in (22) may be 
more relevant for anti-gravitation muscles than for 
other muscles. This strategy of muscle coordination is 
the subject of the following rough energy consideration. 
Suppose that fora particular movement of a limb with n 
degrees of freedom the a priori degrees of freedom @, 

with ve V are prescribed by the CNS and the degrees of 

freedom g, with ue U are left undetermined. The forces 
F; of the various muscles and the external moments M, 
(in the degree of freedom @,, se(VUU)) perform a total 

amount of work dU,,, in a time interval dt on the limb: 

aU,,,=2,F ;(—dl) +2,M,-do, 

él; 
aon ie (- Joy 2, 

veV 0e,, 

él, 
D3, | det 2M, do,. (23) 
ueU u 

The energy delivered by the muscles in the non- 

prescribed directions is dU,,,: 

ip 
aU. => iF; » (- oi 

-do,,. (24) 
ueU - : u 

The resulting movement in the non-prescribed 

directions is determined by the work done in these 

directions. From an energy point of view it is desirable 

that the work done by the muscles per non-prescribed 

direction g, should be as little as possible: 

ol; 
Woo ZF -(— dey (25) 

> 00, 

A suitable strategy will minimise: 

BF. (— =| 
(26) 

00, 

for each non-prescribed degree of freedom g,,. 

Minimising of (26) for each weU is possible in two 

ways: 1) Minimising of the side effects for each muscle. 

This will lead to a problem similar to the one in 

Section 4.3. 2) By activating the muscles in such a way 

that the side effects of different muscles will com- 

pensate each other. In general this implies that the 
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muscle forces in this case are larger than strictly 

necessary. The sum of all muscle forces must be as 

small as possible in order to minimise the energy 

dissipation, which would mean that this method of 

minimising (26) is less efficient than the method first 

mentioned. Because of the similarity with the problem 

of Section 4.3 it can be concluded that for a particular 
limb movement, in which the degrees of freedom @,, 

ve V are prescribed and g,, ue U are non-prescribed, a 
muscle i is more suitable if: 

ol. dy (- do, 07 

is larger (d; is a proportional factor). This would mean 
that muscles, which shorten most in the prescribed 

directions, are suitable with respect to a combination 
of various criteria such as the minimum energy crite- 

rion and the minimising of the side effects. This 
consideration of the strategy of muscle coordination 
relates only to the choice of the active muscles and the 

efficiency of these muscles in a particular movement. 
Higher forms of strategy, for instance the determi- 

nation of the course of the movement in the time-space 

and the way in which some a priori degrees of freedom 

will be prescribed and others will remain undeter- 
mined, are beyond the scope of this study. 

4.5. Feedback Mechanisms 

As was pointed out in Section 2.2 the length principle 

is an abstraction of the CNS with respect to the 

performance of the peripheral motor system, i.e. the 

control based on the muscle lengths of the limb does 

not account for the dynamics of the periphery in a 

direct way. In order to perform the right movements in 

spite of the abstraction of the control, various types of 
feedback mechanisms, such as feedback loops and 

intrinsic feedback must operate. Possible feedback 

mechanisms are: long loop and spinal reflexes, the 
force-velocity dependence for positive contraction ve- 

locities (shortening), the dependence of the excitation- 

contraction coupling on the muscle length and the 

contraction velocity (Taylor et al., 1970), etc. All these 
feedback mechanisms act as a negative feedback, ie. 

they react to internal and external disturbances. For 
instance, in a particular movement at a point of time t 

the muscles i and j should shorten with the respective 

velocities —L, and —L,. Suppose that, as a con- 

sequence of the dynamics of the limb or other internal 

and external factors, muscle i shortens rather too 

slowly and muscle j faster than was intended. As a 

result of the force-velocity relationship of the muscles 

an effect arises that has certain features of a negative 

feedback with respect to the ideal situation, in which 



Fig. 7a. The difference between the intended contraction velocity 
—L and the real velocity —/ in the performance of a particular 

movement causes a force AF in that muscle, which opposes this 

difference. b f, is the activation of a muscle, which would correspond 

to a desired contraction velocity —L. If the control signals deviate 

from the precise pattern of control signals needed for the exact 

execution of the desired movement, deviation from the desired 

movement will occur. The activation f > f, will cause a contraction 

velocity (—/)>(—L). As a consequence of the force velocity re- 

lationship this deviation will be smaller than if the muscle force did 

not depend on the contraction velocity (indicated by point P). ¢ 
Diagram of the velocity feedback. 7 is the interaction between the 

limb and the environment (load, disturbances), 2 is the propriocep- 
tive feedback, 3 is the intrinsic velocity feedback in the muscles. s(t) is 

the central control signal, F is the muscle force, —/is the contraction 

velocity and p is the real performance of the movement 

muscle i and muscle j had shortened as was intended. 

In muscle i the force F; will increase somewhat and in 
muscle j the force will decrease somewhat with respect 
to the ideal performance of the movement (Fig. 7a). 

Internal disturbances, such as an improper control 
signal, will elicit effects that may be understood as 
negative feedback, which oppose the disturbances (le- 
gend Fig. 7b and c). 

4.6. Psychological Aspects of the Length Principle 

Experimental data (Russell, 1974) suggest that location 

cues are important for good motor performance. This 

finding fits well with the control scheme as presented in 

Section 3, since the length principle is in the first 

instance a static principle ie. it is based on spatial and 

limb positions in an abstract or a peripheral coding 

(transformation T1). In the second instance “dynamic” 

components are generated (transformation T2) in or- 

der to add to the control signals certain components 

that will be able to cope with the inertia of the 

peripheral motor system. 

By far the most intricate transformation in the 

series T1, T2, T3 is transformation T1. This transfor- 

mation needs a static internal model in which the 
positions of the limbs can be compared with each other 

and with external positions. From the hypothesis 

stated in Section 3 it may be derived that whenever in 

the mental development this static internal model is 
established, the performance of good movements will 
generally present no problem, unless not enough time 

is left for the execution of transformation T1 on 

account of the velocity of the movement or of many 

unknown external factors. 
If transformation T1 is the limiting factor that 

restricts the fast performance of a movement, then 
independently of the form or size of the movement the 

inequality holds: 

H(movement)<C(T1)-AT, (28) 

i.e. the information contents or variety H of a move- 

ment are limited by the capacity C of transformation 

T1 and the interval of time AT in which the movement 

has to take place. If the movement is performed as fast 

as possible and transformation T1 is the limiting 

factor, the following equation holds: 

H(movement)=C(T1)-AT. (29) 

This would mean that, whenever the desired move- 

ment is more varied, the time to perform that move- 

ment is proportional to the degree of variety, but does 
not depend on the form or size of the movement. For 

fast limbs such as the fingers and the hand, it may be 

that the capacity of transformation T1 or higher 

psychological functions are indeed the limiting factor 

in the speed of performance of the movements. The 
transformation T1 and the capacity C(T1) depend on 
the limb that performs the movement. 

Movements can be performed in the imagination 
without real execution. Transformation T1 may be 
involved in this “in imago” performance of a particular 
movement. The execution of transformation T1 may 
be evaluated with the help of feedback loops (Fig. 4). If 
this is true then it may be expected that a future real 



performance of that movement will show a positive 
transfer (Trumbo et al., 1965). 

In the hypothetical control scheme based on the 
length principle there is a close link between the 
movement and the sequence of positions that will be 
passed through. This will facilitate the evaluation of a 
performed movement: the desired sequence of po- 
sitions and the sequence of positions that are passed 
through by the limb in the real performance of the 
movement may be compared with each other at many 
levels and even during the movement (see Fig. 4, in 
which the feedback and comparison of signals are 
indicated). Various types of feedback information may 
be used in this evaluation, both visual and_pro- 
prioceptive information, encoded in an abstract or a 
receptor-bound coding. Anticipation of the final po- 
sition, corresponding to a pattern of control signals for 
a goal directed movement, is a triviality in this control 
scheme, because the pattern of control signals is 

derived from the positions that have to be passed 
through and also from the final position. The eva- 

luation of the movements performed and the link 
between the pattern of control signals and the anti- 
cipation of the goal of the movement, are rather 
intricate in other control theories (Schmidt, 1975; Pew, 

1966). 
The imaginary movement p(t) (Fig. 4) is encoded in 

an abstract coding, Le. the coding is not directly linked 

to the limb that has to perform the movement. A 
learned movement that has been performed by a 

particular limb will show some positive transfer of the 

movement characteristics, if that movement has sud- 

denly to be performed by another limb. It should be 

noted that many peripheral feedback mechanisms are 

involved in the performance of the movement, so this 

transfer of movement characteristics cannot be ex- 

pected to be very large. 

4.7. Experimental Assay 

The control signals according to the length principle 

are given by (22). The control signals depend on the 

direction in which the limb is instructed to move or is 

to be moved by an external force. If an external force 

acts upon the limb in a particular direction, then the 

muscle lengths will change in a particular way if the 

limb moves slightly in that direction. This motion may 

be very slight or even imaginary. From (22) it can be 

derived that the control signal for a muscle i is 

proportional to the slight shortening —Al; of that 

muscle in a static situation: 

a,::—Al,, (30) 

in a rough approximation, since various feedback 

mechanisms may act and change the control signal in 
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(ax,ay) - 6, 

shoulder 

Fig. 8. Representation of the upper and lower arm. Fy and F, are 
external forces. (Ax, Ay) is a small displacement of the wrist along the 

resulting force F in an opposite direction. be and bs represent the 

m.biceps and the m.brachioradialis. The lengths of the upper and 

lower arm in the calculation (32) and in the simulations are equal 
(0.32 m) 

order to fit the control to the mechanics of the limb or 
other internal factors. In order to check this expec- 

tation (30) about the relationship between the muscle 

activation and the change in muscle length in a static 

situation, the following pilot experiment was done. 
The right arm of a subject is in a horizontal plane 

through the shoulders. The lower arm is in a semi- 

prone position and the elbow is supported in such a 
way that the arm is able to move freely in the 
horizontal plane. Two external forces Fy and F, are 

attached to the wrist (Fig. 8). The subject is asked to 
hold his arm in a fixed position. The activities (i. EMG) 

of the m.biceps and the m.brachioradialis are mea- 

sured, while the subject balances his arm with the 

resulting force F. By changing the direction of the 

external force F, the small displacements of the limb 

and the corresponding changes of the muscle lengths 

—Al,, and — Al,, of respectively the m.biceps and the 
m.brachioradialis also change. These changes in mu- 

scle lengths may be caused by the difference between 

the prescribed muscle lengths L and the real muscle 

lengths I (as a consequence of the external force F), or 

it may be that the CNS opposes directly the external 

force by transforming the direction of the external 

force in the corresponding changes of the muscle 

lengths A L. The changes Al,. and Al, are calculated as 
follows (Fig. 8). The imaginary or small real displace- 

ment (Ax, Ay) of the wrist along the resulting force F in 

the opposite direction is: 

Ax = —«-[F,-cos(0+@)— Fo:sin(0+ @)] Bt) 

Ay= —e-[F,-sin(@+9)+F,-cos(0+ @)]. 
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Fig. 9. The arm of the subject balances with an external force F 

(which is attached to the wrist) of which the component F’, along the 

lower arm is varied (shown in Fig. 8). 0 and O are the respective 

calculated and measured activities of the m.brachioradialis; A and 

x are the respective calculated and measured activities of the 

m.biceps. The muscle activities are in arbitrary units 

é is a small, positive constant. The angles 6 and @ can 
be derived from (32) and the position (x, y) of the wrist. 

gy =acos ((x? + y”)/(2-s?)— 1) 
(32) 

§=n/2—atan(x/y)—o/2. 

s is the length of the upper and lower arm. For every 

combination of F, and F, from (31), (32) and the rest 

position x,»=0, y,=0.32m, the changes 40 and Ap 

corresponding to the displacement (4x, Ay) can be 

derived. The corresponding length changes of the 

m.biceps and the m.brachioradialis are approximated 

by: 

Al,.= —9.019-40—0.026:-Agm (3 

Al,,= —9.048:4gm. ) 

In this experiment Fy was fixed (15 N) and F, varied 

from —30 up to +30N. In Figure 9 the calculated and 
measured activities of the m.biceps and _ the 
m.brachioradialis are shown. 

4.8. Simulations 

A circle movement of the human arm is simulated, in 

which the control signals are derived from the muscle 

lengths corresponding to the prescribed imaginary 

movement. The imaginary movement is given by (34); 
see also Figure 8 and 10 

x(t)=0.15-cos(8t) m 

y(t) =0.32 +0.15-sin(8t) m (34) 

OSGi) is. 

i 1 a = ol | | 

Shoulder-Axis 

Fig. 10a—e. Simulation of a circle movement of the human arm. a 
Servo control. b Direct control. The CNS receives no information 
about the performed movement; this explains the drift in the 
simulated movement in this case. ec A combination of servo and 
direct control. The markers on the simulated movements indicate 
time intervals of 150 ms duration 



Three types of control are simulated and the control 
signals in these cases are: 

1) Servo control. The control signals a, (t) for each 
muscle i are simulated by: 

a, (t)=c',- L(t). (35) 

Comparison with the feedback signals results in the 
activation signals f;: 

f,=8i;+ 100-(;— L,) —0.03-F,. (36) 

The activation signals f(s ') and the feedback signals 
l;, |(s~*) and F,(N) are delayed in order to account for 
the various conduction delays. For details of the model 
of the human arm and other simulations the reader is 
referred to van Dijk (1978). 

2) Direct control. The control signals a, (t) and the 
ee signals f(t’) are simulated by (Z in s~!, £ in 
ae): 

a, {t)= —1.0-L,(t)—0.05- Z(t) = f(r’). (37) 

3) A combination of direct and servo control. The 

activation signals f, in this case are: 
oo 

P10: 1,—0.05-1£,+6-1, 

+75-(1;—L,)—0.02-F,. (38) 

The generation of the activation signals according 

to (35)(38) is a simplification of the general form of 
transformation T3 (22). In (35)}{38) no distinction has 

_ been made between specific muscle properties (fast or 

slow type fibres) or different geometrical factors (rest 
length; factors which depend on the limb position: 

moment arms, force-length relationship). The coef- 

ficient vectors c, , , and, , , could account for these 

specific properties. 
The control signal to the motorneuronal pool of a 

particular muscle i is mediated by a number of parallel 

nerve fibres in which the components L((t), L,(t) and 

Lt) may be weighted with different factors. Different 

types of muscle fibres in the same muscle i may be 

distinguished in this way. On account of the different 

strength of the components L((1), L(t), and L,(t) in the 

various parallel nerve fibres, these components can be 

distinguished and compared with the corresponding 

components 1,(t’), /,(t’) and /,(t’) in the feedback signals. 

5. Discussion 

In Sections 2 and 4.5 it is pointed out that the 

peripheral motor system contains many feedback 

mechanisms, in which the feedback may consist of a 

loop of information following an explicit pathway, or 

may exist as an intrinsic feedback of intermediary 

output variables, or as an intrinsic property of the 
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subsystems. The feedback mechanisms may simplify 

the control of the peripheral motor system. The feed- 
back mechanisms oppose disturbances. These distur- 

bances may be considered in a broad sense, i.e. they 
may be external disturbances (for instance the load), or 

internal disturbances which may be caused by a non- 

optimal matching of the control signals with the 

dynamics of the periphery. Feedback mechanisms 

make the control by the CNS less dependent on the 
dynamics of the peripheral motor system and the 

interaction with the environment (Legends Figs. 2 and 

7). This fact offers the CNS the possibility of having a 

certain degree of independence with respect to the 

performance of the peripheral motor system. The CNS 

has to prescribe the desired movement exactly, but the 

control signals do not need to cope with all the 
dynamical aspects in the periphery. The degree of 
independence or abstraction of the CNS with respect 

to the performance of the peripheral motor system 
depends on the degree to which the feedback mecha- 

nisms are able to compensate the internal and external 
disturbances ; this degree is related to the complexity of 

the peripheral motor system and the capacity of the 

feedback mechanisms. 
A functional abstraction of the CNS has to match 

the control variables, the type and form of the feedback 
information and in general the properties of the per- 
ipheral motor system. As a functional abstraction the 

length principle may be considered. The length prin- 
ciple states that the muscle lengths and their de- 
rivatives for a particular, desired movement are related 

to the control signals conveyed to the alpha and 
gamma motorneurons; moreover the CNS generates 

the control signals on the basis of muscle lengths and 
this generation of control signals is rather independent 
on the peripheral dynamics. This abstraction implies 

that the communication between the CNS and the 
peripheral motor system exists in a form that is related 

to the muscle lengths. The source and destination of 

the signals are known by the specific somatotopical 
organization of the afferent and efferent parallel chan- 

nels. The communication between the CNS and the 
peripheral motor system may be considered as a 

peripheral L-coding, i.e. a somatotopical organization 

of parallel channels that relay information which is 

closely related to the muscle lengths. The generation of 

the control signals for a particular movement may be 

represented by a series of three transformations, T1, 
T2, and T3. T1 transforms a desired position p’ from 

an abstract coding to a peripheral coding L. In the 
case of a movement this would mean a successive (or 

continuous) transformation of positions p(t). T2 ge- 

nerates dynamical components which may be used in 

the generation of the control signals in order to cope 

with some aspects of the peripheral motor system (for 
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instance the inertia of the limb, the preference of fast or 

slow type muscles, etc.). T3 generates the alpha and 

gamma control signals from the position sequence 

(encoded in the L-coding). 

The hypothetical control scheme, based on the 

length principle, has many attractive aspects. In 

Section 4.2 it is concluded that a muscle is more 

suitable as an active muscle in a particular part of a 

movement, whenever the muscle has to shorten more. 

Furthermore, the L-coding of the control signals is 

well adapted to the organization of the peripheral 
motor system (Sections 2 and 4.1). So, this abstraction 

of the CNS and the encoding of the afferent and 

efferent signals fits well with neuro-anatomical and 

physiological data, with the criteria of minimum en- 

ergy and minimum side effects and with other data 

(Section 4). 

In this study of the control of voluntary move- 
ments only the relative coordination of the muscles is 

considered, i.e. their relative suitability as active mus- 
cles in a particular part of a movement. The overall or 

absolute intensity of the control signals is not con- 

sidered. The length principle deals with the interaction 

between the CNS and the peripheral motor system. 
Further attention will be paid to the extension of the 
control scheme based on the length principle and to 
the functioning of the CNS in the execution of volun- 
tary movements. 
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Is the Adaptation Model a Valid Description of the Vestibulo-Ocular Reflex?* 

A. W. Sills'**, V. Honrubia!, and R. W. Baloh2 
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Abstract. The pendulum model of the vestibulo-ocular 
reflex, including the effects of adaptation, has been 
evaluated using the responses of 36 normal subjects to 
impulsive stimuli of 128 and 256°/s. Estimates of the 
model parameters such as the time constants, the slow 
velocity threshold, and the minimum stimulus required 
to produce an after-nystagmus have been obtained 
using a new analytical technique. Although some of 

the data support the validity of the adaptation model, 
evidence is presented to demonstrate that the overall 
applicability of the model is limited. 

Introduction 

The vestibulo-ocular reflex is a complex mechanism 

that acts to maintain gaze direction by compensating 

for disturbances in eye position due to head move- 

ments. Although it is often approximated by a three- 

neuron arc connecting the labyrinthine organs to the 

eye muscles, there are important collateral connec- 

tions, both afferent and efferent, involving many parts 

of the central nervous system. The need to improve the 

detection and diagnosis of vestibular dysfunction in 

humans has been a strong motivating force for the 

development of mathematical models of the vestibulo- 

ocular reflex arc. These models ignore complicating 

features of the anatomy to varying degrees. Thus, one 

may ask, how well do the models describe the expeti- 

mental data? 

Based on the experimental work of Steinhausen 

(1931), who made direct observations of the cupular 

motion in the pike, and Lowenstein and Sand (1940), 

who studied the response of vestibular nerve fibers in 

the ray fish, van Egmond et al. (1949) proposed that 

* This work was supported by NIH Grant NS 09823 

** To whom reprint requests should be addressed 

the kinematic behavior of the cupula could be ade- 
quately described by the same second-order linear 

differential equation used to describe an aperiodic 

pendulum. Work by Lorente de N6 (1931) and others 

(Steinhausen, 1933; Dohlman, 1938; van Egmond et 

al., 1952; Hallpike and Hood, 1953) suggested that the 

slow phase eye velocity (SV) during nystagmus is 
correlated with changes in the neural firing rate of the 
vestibular nerve, presumably due to deviations of the 

cupula, so that the same equation could be used to 

describe SV as a function of time. 

This pendulum model has two parameters that 

describe the time course of the response: a long time 
constant T,, approximately 10—20s in magnitude, and 

a short time constant T,, on the order of 0.001-0.1s. 
Since the pioneering work of van Egmond et al. 

attempts have been made to use estimates of these time 
constants obtained from measurements of the ny- 
stagmus response induced by different labyrinthine 

stimuli as diagnostic tools for detecting vestibular 

dysfunction (Groen, 1957a; Aschan et al. 1952; 

Melvill-Jones et al., 1964; Hallpike and Hood, 1953). 

These efforts have been largely unsuccessful, in part 
because this model is incomplete. The model predicts 

that the SV resulting from an impulsive stimulus will 
rise quickly to a peak at a rate governed by T,, then 

decay back to zero at a rate governed by T;. At low 

stimulus magnitudes, the pendulum model appears to 

predict the correct behavior of SV. However, at higher 

stimulus magnitudes the response does not merely 

decay back to zero, but after a brief latency period, 

appears again beating in the opposite direction. This 

latter phase is referred to as after-nystagmus in con- 

trast to the initial or post-rotatory phase. Such be- 

havior cannot be explained solely on the basis of the 

linear pendulum model. 

A second failure of the model concerns the pre- 

dicted duration of the post-rotatory phase (TDUR). 

According to van Egmond et al. (1949), the time at 

0340-1200/78/0030/0209/$02.40 
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which the post-rotatory phase ends should increase as 

the logarithm of the stimulus magnitude. But experim- 

entally (Konrad et al., 1975) TDUR stops increasing 

for impulses above 64°/s. 

Finally, there is a more subtle effect that discredits 

the pendulum model, even where it seems to work 

correctly. At low stimulus magnitudes where only the 

post-rotatory phase is experimentally observed, the 

model predicts that the descending part of the SV 

response is exponential. A plot of the logarithm of SV 
versus time should result in a straight line with a 

negative slope of —1/T,. However, experimental re- 

sponses often deviate from a straight line by displaying 
a sharper rate of descent. This curvature, as well as the 
existence of after-nystagmus, has been attributed to 
adaptation effects (Groen, 1956, 1957; Groen, 1957b; 

Malcolm and Melvill-Jones, 1970). 

These adaptation effects are of a complex nature, 

but several authors have created models that attempt 

to take them into account (Young and Oman, 1969; 

Schmid, 1970; Schmid et al., 1971a). Malcolm and 
Melvill-Jones (1970) tried to determine the time con- 

stants using experimental data from a few normal 

subjects and fitting the data to the theoretical model by 

trial and error. Guedry et al. (1971) and Stockwell et al. 

(1973) used triangular velocity profiles in normal sub- 

jects to evaluate t,, a theoretical parameter derived 

from the adaptation model. There have also been 

attempts (Meiry, 1965; Young, 1968; McClure et al., 

1976; Schmid et al., 1971b) to determine the adap- 
tation model parameters by fitting the cumulative slow 

phase eye position data using nonlinear regression 
analysis. One problem with these efforts is a lack of 

uniqueness among the determined values of the param- 

eters. Several authors (Julius, 1972; van Mastrigt, 

1977) have demonstrated the non-uniqueness of so- 

lutions obtained by fitting sums of exponentials to 

experimental data. Another obstacle to the practical 

application of time constant analysis to large groups of 

subjects has been the tedium of arbitrarily adjusting 
multiple time constants to fit the data of individual 

subjects. Even when done with a minicomputer, non- 
linear regression can take as long as twenty minutes to 

find a solution that fits the subject’s response. 

Probably for these reasons no one to our knowl- 

edge has evaluated the time constants for a large 
group of normal subjects and then applied the nor- 

mative results to patient groups. In order for us to do 

this it was first necessary to develop a fast, accurate 
and convenient method for determining unique values 

of the model parameters from the experimental data. 
This methodology provided more rigorous estimates 
of the model parameters than were possible earlier. 
These values were determined for a large population of 
normal subjects to answer the following questions: 

a) Are the model parameters independent of sti- 
mulus magnitude? 

b) Are they time invariant? 
c) What correlations exist between the different 

parameters? 
d) In the light of these data, is the adaptation model 

adequate? 
e) How well do time constants derived from the 

adaptation model discriminate between normal sub- 

jects and patients? 

Methods 

Experimental. The subjects were strapped in a chair 

mounted on a Goerz-Inland model 811 rotating table 

inside a light-tight, electrically shielded room. The 

Inland 811 controller delivers maximum torque of 

10ftlb which provides a weight-dependent constant 

accelaration of approximately 140°/s*. The stimuli 

consisted of changes in velocity of 16, 32, 64, 128, and 

256°/s, done at maximum table acceleration. The 
changes were done in clockwise (CW) and counter- 

clockwise (CCW) directions presented in random or- 

der, except that the 256°/s impulses were never given 

first and were always paired to avoid excessive angular 

velocities. The tests were conducted in the dark with 

the subject’s eyes open. It is critical in rotatory testing 

that the subject’s head be firmly fixed so that the actual 

stimulus is close to the presented one. This is particu- 

larly true of the impulsive test because the duration of 

the impulse is so brief that any large counter- 

movement of the head markedly reduces the effective 

stimulus to the labyrinth. We used a holder that 

pressed the subject’s head back firmly against a head 

rest tilted downward thirty degrees to align the horiz- 

ontal canals with the plane of the floor. Long exten- 

sions along the temples prevented lateral movement of 

the head. Above this piece a separate U-shape section 

projected forward to fit around the subject’s forehead. 

It could be adjusted backwards to give a tight but 

comfortable fit. With this device very little lateral head 

motion was possible. The adequacy of the head holder 

was confirmed by mounting an accelerometer on the 

heads of several subjects and measuring the actual 

head movement as the two largest impulses were 

presented. The accuracy of the accelerometer was 

sufficient to detect changes in head velocity of less than 

10°/s. The head velocity reproduced the table velocity 

profile to within this experimental error for subjects 

weighing between 100 and 1851b (Gilman et al., sub- 
mitted for publication). Criteria for establishing the 
normality of the subjects, details of the EOG ap- 
paratus, and methods of data analysis are given in Sills 
et al. (1977). 

Nystagmus data were obtained using binocular 
electroocular recordings. Calibrations were done in the 
light at the beginning and end of the test sequence 
using targets 15° apart. Changes in the calibration 
were compensated for using a linear interpolation 



weighted by the elapsed time for each test response. 
Subjects were kept alert by subtracting sevens aloud 
from a large number. 

An example of the SV responses to the five impul- 
Sive stimuli is shown in Fig. 1. The appearance of after- 
nystagmus is seen at the higher magnitudes of stimu- 
lation. Fig. 2 shows the experimental response to a 
change in velocity (DV) of 256°/s. The figure shows the 
six experimental quantities that are required to fix the 
values of the time constants and several other model 
parameters of interest. The two points corresponding 
to the maximum responses for the post-rotatory and 
after-nystagmus phases are described by the maximum 
values, SVMX1 and SVMX2 respectively, and their 
times of occurrence, TMX1 and TMX2. These four 
quantities are sufficient to uniquely determine the 

three time constants, T,, T,, and T, as well as a 
constant of proportionality, K;, that relates the hy- 
pothetical cupular deflection to the observed slow 
phase eye velocity. 

The end of the post-rotatory phase is called 

TDUR. Between TDUR and the beginning of after- 

nystagmus lies a space of time called AT. This time is 

related to the threshold value of SV (SV,,,) below which 
nystagmus does not occur. TDUR and AT can be used 

to determine the value of SV,,,, and also the minimum 
impulse (DV,,,,,) required to produce after-nystagmus. 

Thirty-six normal subjects were tested and the 
values of the six experimental quantities described 

were obtained for responses to stimuli of 128°/s and 

| 256°/s. CW and CCW responses were considered 

separately so the maximum number of responses for 

each stimulus would be 72. However, at 128°/s not all 

subjects had an after-nystagmus reaction. In addition, 

the data were screened for outliers by computing the 

mean and standard deviation over all the subjects for 

each stimulus (e.g., DV = 256°/s) and then eliminating 
those points that fell outside the range of two standard 

deviations on either side of the mean value. The mean 

and standard deviation were then recomputed without 

the discarded points. The values for the six quantities 

are listed in Table 1. 
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Fig. 1. The slow phase eye velocity of nystagmus responses are 

shown for progressively greater impulsive stimuli (DV). The horizon- 

tal axis is marked every 5s and the vertical axis is marked every 

10°/s. The axes are the same for all the responses. Up to an impulse 

of 64°/s, the response resembles that predicted by the damped 

pendulum model, but above this magnitude an after-nystagmus 

appears, beating in the direction opposite to the post-rotatory 

nystagmus 

SV (TMX 1) = SVMX 1 

SV (TMX 2) = SVMX 2 

d SV = cil (TMX 1) = 0 

oO =4-— SVMX1 
it, S —8s2 d re ented “SV ATMX 2120 

=O Sy CS come i, TMX2 

ies SAY San | aT! | 
=o t T T T TOE La Cet TT IS Ot 
a _ t ms 

= -TMXx1 TOUR SVMX2 TIME (sec) 
ro S = 
a = 

Fig. 2. The six experimental quantities measured in all subjects are 

shown on this response to an impulse of 256°/s. SVMX1 and TMX1 

mark the amplitude and time of occurrence of the peak response 
during the post-rotatory phase. SVMX2 and TMX2 mark the 

corresponding quantities during the after-nystagmus phase. TDUR 

is the time of the last beat of the post-rotatory phase, and AT is a 

measure of time between the last beat of the post-rotatory phase and 

the first beat of the after-nystagmus. The horizontal and vertical axes 

are the same as Fig. 1. The four equations on the right allow one to 

obtain unique values for the time constants. The equation for SV is 

given in the text 

Table 1. The mean values, standard deviations, and number of responses on which these measures are based are given for the six experimental 

quantities defined in Figure 2. The coefficient of variation (C.V.) is also listed for each measure. The left side gives the appropriate values for 

a stimulus of 128 °/s, and the right side for 256 °/s. A t-test of stimulus magnitude dependence for each quantity is shown at the right. The 

only quantity independent of stimulus magnitude is TMX2 
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Fig. 3. The excellent fit of the theoretical model (continuous line) to 

the experimental data (dots) is demonstrated for the three normal 

subjects. The vertical axis is the slow phase eye velocity in de- 

grees/second, the horizontal axis is the time in seconds. The parame- 

ters of the theoretical model were determined separately for each 

response from the values of the maximum points as in Fig. 2 

Theoretical. The basic assumption of the adaptation 

model is that the subject’s response is modified by the 

recent history of that response. There is imagined to be 
a central reference level with which changes in the 

neural signal from the labyrinths are compared 

(Malcolm and Melvill-Jones, 1970). The slow phase eye 

velocity is now assumed to be proportional to the 

difference between the neural signal and the reference 

level. The direction of the slow phase is determined by 
the sign of this difference. For sufficiently long or 

powerful stimuli, the reference level is assumed to 

move away from its steady state position in such a way 

as to minimize the difference between itself and the 

neural signal from the labyrinth. The rate at which this 

reference level moves is described by the adaptation 

time constant T,. The decay of the response to the 

original position of the reference level undershoots the 

current position of the level, and this change in the sign 

of the difference between the two manifests itself as 

after-nystagmus. 
The approximate solution to the differential equa- 

tion that describes this behavior for impulsive stimuli 

is 

SV(t) 
yaa ae als | 
UR(TAT NES Tee 

1% 
-exp(— Ty) +p OP (— t/T;) 

wy exp(—t/T,)|. (1) 
ad Uy gee 

“t” is time, and all other quantities have been defined. 

All the factors in front of the bracket are assumed to be 

constant. At t=0 the terms inside the bracket cancel 
out as they must since SV(t=0) is zero. The exponen- 

tials are arranged in progressively faster acting order. 

As the last exponential dies away, the curve described 

by this equation rises to a peak. As the second term 

begins to diminish, the curve drops back to zero. 

Eventually the first term dominates and the curve drops 

below zero, returning at last to zero for the final time. 

Equation (1) can be evaluated directly at the two 
maxima by substituting the value of SVMX1 or 
SVMX2 on the left side and setting t equal to the 
corresponding value of TMX1 or TMX2 on the right 

side. This yields two equations. Since there are four 
unknowns (T7,, T,, T,, and K,), two more equations are 

necessary. These are obtained by noting that at the 

times of the maxima, the first derivative of (1) is zero. 

Table 2. The mean values, standard deviations, and number of responses on which these measures are based are given for six parameters of 
the adaptation model. See text for explanation of the parameters. The values for a stimulus of 128 °/s are given on the left side, those for a stimulus 
of 256 °/s on the right. All the parameters are stimulus dependent except T, and T, 
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Evaluating the first derivative at these two times yields 
the remaining equations. The system of equations is 
shown schematically on the right side of Fig. 2. The 
system is in principle well determined (ie. four equa- 
tions and four unknowns), but the resulting set of 
equations is too complex to solve in this form. They 
can be simplified by making two assumptions. 

The rising part of the post-rotatory phase is gover- 
ned by the value of 7). Since the rising part is 
completed within 2s after the impulse, T; is less than 
0.4s. Theoretical hydrodynamical analyses of the semi- 
circular canal (Steer, 1967; Oman and Young, 1972: 
Melvill-Jones, 1972), electrophysiologic data from ves- 
tibular neurons (Fernandez and Goldberg, 1971), and 

visual inspection of nystagmus responses indicate a 

range from 0.001—0.01s for T,. Similar studies (van 

Egmond et al., 1949; Groen, 1956, 1957) have placed 

the value of T, at 10—20s. T, varies from 30s to infinity 
(Malcolm and Melvill-Jones, 1970; Young and Oman, 

1972; Stockwell et al., 1973). These estimates are 

conservatively broad, but because of the differences in 
their magnitudes it is possible to drop some terms in 

the system of equations to achieve the necessary 
simplification. 

A) Since T, is so much larger than 7), the ratio 
T,/(T,— T,) is approximately equal to one. 

B) Since TMX2 is so much larger than T, (see 
Table 1), the exponential term in (1) containing T, is 

approximately zero when evaluated at t=TMX2. 

| These two assumptions are the key to the unique- 
ness of the set of values that simultaneously solve the 

four equations. The derivation of the equations is 

shown in Appendix A. 
The procedure for finding the simultaneous solu- 

tion of these equations can be simply programmed ona 

minicomputer. The search for the correct triad of time 

constants usually takes less than five seconds. Once 

T,, T,, and T, have been determined, the value of K; 

can be obtained directly from (1). Several examples of 

the excellent fit obtained by this technique are shown 

in Fig. 3. 
It is also possible to derive quantitative expressions 

from the adaptation model for the slow phase velocity 

threshold (SV,,) and the minimum impulse required to 

produce after-nystagmus. The appropriate equations 

are given in Appendix A. 

Results 

The data were screened for outliers in the previously 

explained manner. CW and CCW responses were 

considered separately. Table 2 lists the means and 

standard deviations of the parameters for both st- 

mulus magnitudes, the number of cases remaining after 

screening, and whether the difference between the 

Pal} 

Table 3. The correlations between supposedly independent parame- 
ters of the adaptation model are given for a stimulus of 128°/s in the 
lower left triangle, and for a stimulus of 256°/s in the upper right 
triangle. The correlations are between parameter values obtained for 
the same response (i.e. either clockwise or counterclockwise), and 
then tested for correlation over the entire subject population 
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mean values for the two magnitudes was statistically 

significant. The latter was computed using a t-test. One 

of the basic assumptions of a linear model is that the 

parameters are independent of the stimulus magnitude. 

The long time constant (T,) and the adaptation time 

constant (7',) are independent of the stimulus, but the 

short time constant (7)) is not. This can be attributed 
to the torque limitations of the rotatory table. Since 

the peak acceleration possible with a normal adult 

subject in the chair is approximately 140°/s?, an 

impulse of 256°/s takes approximately 2s to accom- 

plish, and this is much too long to allow an accurate 

measurement of T,. Note that the average value for 

TMX1 (Table 1) is also strongly stimulus-dependent, 

lending support to the idea that the 256°/s impulse 

influences T, estimates because it lasts too long. 
However, the values of K;, SV,,, and DV,,;, are also 
stimulus-dependent, although they are expected to be 

independent of the stimulus magnitude. 
A second basic assumption of a linear model is that 

the parameters are independent of each other. This 

implies that the correlation between any two of the 
parameters determined from the same subject’s re- 

sponse is zero when averaged over the entire normal 

population. Table 3 shows the various interparameter 

correlations. Where significant, the level of significance 

is shown. “ns” means the correlation was not signi- 
ficantly different from zero. Although the correlation 

between most of the parameters determined for the 

same conditions of stimulus magnitude and direction 

is weak or absent as expected, T, and T, are a notable 

exception. Their strong correlation results from the 
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Fig. 4. The upper part of the figure shows the increase in SVM X1 as 

the impulsive stimulus (DV) is increased. Although there is some 

evidence of saturation at the highest stimulus magnitude, the 

increase is largely linear. The lower part of the figure shows the clear 

saturation in the value of TDUR that occurs above DV = 64°/s. The 

saturation occurs as a result of adaptation (see text and Fig. 5) 

constancy of TMX2 (Table 1) and the form of (2). Why 

TM X2 should be a constant is uncertain, but the fact 

that it is results in the breakdown of the assumption 
that T, and T, are independent parameters in the 
model. 

If the model is to be clinically useful, values of the 
parameters estimated from CW and CCW responses in 

the same normal subject should be highly correlated 

with each other since no directional dependence in the 
responses of normal subjects is expected. In comparing 

the CW and CCW responses, this expected high 

correlation was not found. Neither T, nor T, were 
significantly correlated between the two directions for 

either stimulus magnitude. SV, was marginally cor- 
related (P <0.05) between CW and CCW directions for 

DV =256°/s, and K; was marginally correlated 

(P <0.05) between the two directions for both stimulus 

magnitudes. None of the parameters exhibited a degree 

of significance stronger than 0.05 between the two 
directions. 

The determination of T,, T,, and K, depends on the 
values of the experimental SVMX and their respective 
times of occurrence. It might be argued that some of 

these results impugning the adaptation model are 

invalid because they are based on experimental data 

that are hard to estimate. One test of the precision with 

which the experimental quantities are determined is 

the coefficient of variation. The coefficients given in 

Table 1 indicate that the experimental quantities are 

determined with reasonable accuracy (i.e., the inter- 
subject variation is less than 50%). 

Another test of the effects of error in determining 

the experimental quantities can be made by seeing how 

drastically the values of the model parameters change 
as the experimental quantities are varied over a range 
around their estimated true values. A more complete 

description of this analysis is given in Appendix B, but 

the results imply that the parameters are not critically 

sensitive to the experimental quantities. 

The correlation analysis of the parameters casts 

some doubt on the validity of the adaptation model. 

However, the next result is a strong piece of evidence in 

favor of the model. Figure 4 demonstrates the satu- 

ration of TDUR as the magnitude of the impulsive 

stimulus is increased. This behavior is in contrast to 

the prediction of the simple pendulum model. 
However, it will be shown that this saturation effect is 

predicted by the adaptation model. Equation (5a) can 

be rewritten in the form 

exp(—t,)—a-exp(—t,-a)=K,b—1)(1—a)SV,, 

ANOS (10) 

where, as before, a=T,/T, t,=TDUR/T;, and 
b=T,/T>. K,, SV,,, and DV have their usual de- 
finitions. The right side numerator consists of con- 

stants, and since “b” is greater than one and “a” is less 

than one, it is always positive. The saturation effect 

occurs because the left side of the equation can 

become negative in the presence of adaptation. The 

differences between the simple pendulum model and 
the adaptation model are shown in Fig. 5. The left part 
of the figure shows the plot of the left and right sides of 
(10) for “a” =0 (no adaptation) plotted against exp". 

The various horizontal lines represent the right side, 

which is constant for a given DV and which decreases 
as DV is increased. The line at 45° is the left side which 

in the absence of adaptation is equal to the abscissa. 

The intersection of the two curves defines the predicted 
TDUR. Smaller values of TDUR lie further to the 

right than larger values because the abscissa is plotted 

as exp ‘*. As DV increases, the constant line drops 

closer to abscissa and the intersection moves con- 

tinuously toward zero (i.e., larger values of TDUR). 
Since the left side of (10) in the absence of adaptation is 

positive all the way to zero, the simple pendulum 

model predicts that as DV increases, TDUR increases 

without limit, which contradicts the experimental evi- 

dence that TDUR saturates at about 35s. 

The right part of Fig. 5 shows the same plot, but 

now “a” is not zero. This corresponds to a finite value 

of T,. The figure has been plotted for a=0.19 which 
follows from the values of T, and T, for DV = 128 °/s in 
Table 2. The presence of adaptation causes the left side 

of (10) to become negative to the right of zero. Since 

the right side of (10) can never be negative, TDUR can 

never be greater than the value defined by the point 

where the left side of the equation crosses the horizon- 
tal axis and becomes negative, if the adaptation model 
is appropriate. For the values derived from the 128 °/s 
data in Table 2, the maximum TDUR is 37.3s. For the 
parameters associated with a DV=256°/s, the maxi- 



mum TDUR is 35.7s. Both of these are close to the 
actual values shown in Fig. 4. 

Discussion 

The adaptation model was first proposed to account 
for several effects that were not predicted by the simple 
pendulum model. The appearance of an_after- 
nystagmus following sufficiently large magnitudes of 
stimulation is a striking example of such an effect. By 
introducing a third time constant, the pendulum model 
could be modified to explain the existence of after- 
nystagmus. Several other, more quantitative predic- 
tions are also possible using the adaptation model. The 
prediction of a maximum TDUR value, in contrast to 
the theoretical behavior of TDUR found using the 
simple pendulum model, and the correct estimate of its 
value from parametric values obtained using the adap- 
tation model to fit experimental data are also im- 
pressive evidence of the model’s validity. The values of 
the parameters derived by the methods described are 

shown in Table 2. The estimates of T, and T, for the 
two magnitudes are comparable to the results of others 

(Malcolm, 1968; Schmid et al., 1971a; Guedry et al., 

1971; Stockwell et al., 1973). The magnitude of SV,, is 
comparable to that given by Aschan et al. (1952). 

Further support for the model is found in Table 1 

where TMX2 appears to be almost identical for the 
two stimulus magnitudes when averaged over all the 
subjects. In fact, TMX2 displays an astonishingly 

constant value from subject to subject, compared to all 

the other experimental quantities in Table 1, which are 
strongly dependent on the stimulus magnitude. By 

comparing the coefficients of variation among the 

various experimental and parametric quantities listed 
in Tables 1 and 2, it can be seen that the spread of 

values for TM X2 is much smaller than any of the other 
quantities. Furthermore, the constancy of the TMX2 

value appears in the data of others as well. Ranacher 
(1977) has examined impulsive data and found a 

similar value for TMX2. Guedry (1974) shows a result 

due to Parsons (1970), obtained from magnitude es- 

timates of subjective angular velocity during and after 

a 9°/s? angular acceleration that also reproduces the 

“value of TMX2. This latter result is all the more 

remarkable since the sensation of rotation requires 

more complex pathways than does the production of 

nystagmus. This difference in pathways is confirmed by 

the frequent observation that time constants derived 

from measuring subjective sensation and nystagmus 

responses differ significantly (van Egmond et al., 1949; 

Aschan et al., 1952). Yet the value of TM X2 is almost 

identical in the data from these two techniques. 

Equation (2) predicts that TM X2 will be a constant if 

T, and T, are independent of the stimulus. The success 
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Fig. 5. The theoretical value of TDUR predicted by the simple 

pendulum model (“a” =0; no adaptation) is shown graphically in the 

left part of the figure. The left and right sides of Eq. (10) have been 

plotted separately. The intersection of the two curves defines the 
predicted TDUR value. The left side of Eq. (10) for the case of no 

adaptation is the same as the abscissa, which gives the ascending 

straight line. The right side of Eq. (10) is a function of the impulsive 

stimulus (DV). Larger values of DV lie closer to the abscissa. The 

abscissa is plotted as e ‘=, but the corresponding value of TDUR is 

given in the scale below that. Note that TDUR theoretically increases 

without limit as DV increases. The right part of the figure gives the 
corresponding plot for the adaptation model (“a”’=0.19; adap- 

66 99 
tation). The scales are the same as above. Note that for “a” non-zero, 

there is a region where the left side of Eq. (10) becomes negative. 

Since the right side of Eq. (10) is always positive, there are no 

solutions for TDUR greater than the value defined by the crossing of 

the abscissa by the curve representing the left side of Eq. (10). TDUR 

increases up to this value and thenremains a constant no matter how 

DV is increased. Compare to the values of TDUR shown in Fig. 4 

of this prediction is further support for the adaptation 

model. 
Finally, it is an experimentally confirmed fact that 

after-nystagmus is seldom seen for DV=64°/s, ap- 

pears commonly for DV = 128 °/s, and is almost inevit- 
able for DV =256°/s. This implies that the minimum 
DV needed to produce after-nystagmus lies somewhere 

between 64 and 128 °/s. Using the constants in Tables 1 

and 2 and (9), the minimum stimulus (DV,,,,,) required 

is seen to be between 70 and 100°/s (Table 2). This 

range was obtained by computing DV,,,, for each 

subject, and averaging DV,,,,, over all the subjects for 
either stimulus magnitude. Another estimate of DV,,,, 

is obtained by using the average values of the required 

parameters from the tables to evaluate (9). This yields a 

narrower range for DV,,,,, lying between 78 and 86°/s. 
Both estimates support the validity of the adaptation 

model. 
On the other hand, there are several indications 

that this model does not satisfactorily describe the 

responses of certain subjects. Among those data using 
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Fig. 6. The upper figure shows a response that had no simultaneous 

solution for the time constants. It appears to be similar in most 

respects to those responses shown in Fig. 3. The same subject had a 

solution for the response in the opposite direction. All experimental 

quantities are similar except the value of SVMX1, which is 79°/s for 

the response with a solution and 54°/s for the response pictured here. 
The ratio of SVMX1/SVMX2 for the response with a solution was 

8, the ratio for the response without was 6. The lower figure had a 

solution for the response, but as can be seen from the superimposed 

line of the solution, it is not a good fit. There appear to be multiple 

relaxation processes occurring during the post-rotatory phase, so a 

model using a single exponential term to describe the descending 

part of the response would be inappropriate 

DV =128°/s, 15% of the subjects failed to have any 

solution to the set of coupled equations. For the data 
corresponding to DV=256°/s, 19% failed to have 

solutions. No solution means that either the only 

solution found was for T,=T7,, which violates the 
assumption that T, is less than 7,, or that there was no 
mutual intersection of the four equations, so that no 
triad of time constants satisfied all the equations 

simultaneously. These failure rates agree closely with 

Aschan’s findings that 20% of the observed normal 

subjects failed to behave as predicted theoretically 

(Aschan, 1955, 1956). The failure of certain subjects to 

have any simultaneous solution to the equations is the 

more surprising since a study of parameter sensitivity 

(see Appendix B) can demonstrate that wide variations 

are allowable in the parametric values as the experi- 
mental values are changed. Such flexibility suggests 

that these failures are fundamentally different from the 
rest of the responses. 

By varying the experimental values used in the 
equations the causes of the failures could sometimes be 

identified. In all cases where no solution could be 
found, the ratio of SVMX1/SVMX2 was low, typically 

3—-6, relative to data that did have solutions. Such data 
typically had ratios of 12-18, but there were solutions 

for ratios as low as 6. These suggest that the failures are 

due to excessive deviations from the average response 

in either the post-rotatory phase (SVMX1 too low) or 

the after-nystagmus phase (SVM X2 too high). Note 

that had the data been fitted by estimating the good- 

ness of fit visually, these failures would not have been 

seen. Figure 6A shows an impulsive response that 

failed to have a simultaneous solution in the sense 

discussed above. There is nothing overtly odd about 

the appearance of this response. 

There is a second type of failure that is completely 

different in its nature. Figure 6B shows a response that 

did have a solution, but which is inappropriate. The 

response clearly shows a discontinuity in the post- 

rotatory decline, perhaps indicative of multiple pro- 

cesses (two T, time constants), or some nonlinearity in 

the subject’s response. The correct parameters are not 

fixed by the SVMX and TMX values. 
These types of failures indicate that the adaptation 

model has a limited validity in describing the responses 

of some normal subjects. More complex models have 

been suggested. A model proposed by Schmid et al. 

(1970, 1971a, b, 1976) performs very well in predicting 

the vestibular response to a complex series of rotatory 

stimuli. The model is essentially similar to the one 

presented here, but with the addition of a nearly- 

perfect integrator representing a saccadic pathway in 
parallel with the vestibulo-ocular pathway. In its en- 

tirety, the model contains six adjustable parameters. 

There are several reasons for admiring this model, but 

the experimental data is simply not adequate for 
accurately evaluating six experimental parameters and 

one must resort to the arbitrary assignment of certain 

parameters in order to fit the others. 

Furthermore, there are some indications that even 

when the adaptation model fits the data well and has 

well-defined solutions, some of the assumptions in- 
herent in the model’s derivation break down. The 

linear model assumes that the parameters of the model 
are constant over time, independent of magnitude, and 

linearly independent of each other. But Melvill-Jones 
and Milsum (1970) found a relationship between the 

neural gain and the stimulus amplitude (angular ve- 

locity) at a given sinusoidal frequency, such that the 

gain was proportional to the angular velocity raised to 

the —0.28 power. Since the gain is directly pro- 
portional to T,-T, [see (1)], this implies that these 
time constants change their values with the magnitude 
of the stimulus. We have found that all the parameters 

vary with the magnitude except T, and T,, and these 
two are strongly correlated with each other (Tables 2 
and 3). 

Groen (1957b) has pointed out that the values for 

the long time constant can be altered according to the 
experimental conditions (e.g. visual fixation, staring in 
the dark, closed eyes, mental arithmetic, etc.) in much 
the same way that the gain of the VOR can be altered 
(Barr et al., 1976; Robinson, 1976: Gonshor and 
Melvill-Jones, 1976a, b). This variation in T, is not 
surprising since the gain of a second-order linear 
system such as the damped pendulum model is related 



to the time constants of the system (Milsum, 1966). The 
sensitivity of T, to experimental conditions could 
presumably be stabilized by the proper control of 
these conditions, were it not for its coupling to ipathe 
variations in T, do not seem to bear any relationship 
to the experimental conditions. The constancy of 
TMX2 suggests that all subjects peak at the same time 
during after-nystagmus, regardless of differences in the 
post-rotatory phase. This behavior is consistent with a 
central, stimulus-independent process that is also inde- 
pendent of such physical factors as endolymphatic 
viscosity or canal size. Young and Oman (1969) agree 
that “it has become increasingly evident that be- 
havioral dynamics deviate significantly from the 
second-order characteristics of the fluid dynamics be- 
cause of intervening neurological processes”. They 
include a central nervous system delay time of 0.35 in 
their model. They also include a threshold velocity of 
3.8°/s which agrees with the SV,, estimate of 4-6°/s 
derived from our data. The large coefficient of va- 
riation for T, (46-52%) is probably responsible for the 

variations in 7, (33-36%), as a result of the coupling 
between the two time constants. 

Finally, there is the question of whether the param- 
eters of the adaptation model are clinically useful. That 

R 
_ a-exp( 

Pale, 

substantial (20%) number of responses from normal 
subjects that cannot be adequately described by the 
adaptation model. The agreement between the numeri- 
cal estimates of the parameters made using this tech- 
nique and estimates made by others using different 
techniques seems to rule out the possibility that these 
disagreements between theory and experiment are due 
to the technique itself. Instead, we conclude that the 

erratic appearance of various central effects probably 
precludes the consistent use of any single model. 

Appendix A 

In deriving the four equations needed to determine 
values of T,, T,, T,, and K;, it is convenient to intro- 

duce the following dimensionless quantities: a= T,/T,; 

b=T,/T,; TML=TMX1/T,; TM2=TMX2/T,; and 
R=SVMX1/SVMX2. With these, using assumptions 

A and B (see text), and evaluating (1) and its first 

derivative at the two maxima, one can derive three 
equations: 

TM2=[2n(a)]/(a—1), (2) 

b-exp(—TM1-b) 

=[a?-exp(—TM1-a)—exp(—TM1)]/(a—1), (3) 

— TM1-a)—exp(—TM1)+(1—a)exp(—TM1-b) 

is, if the parametric values are determined for a group 

of normal subjects and applied to patients suffering 

from well-determined vestibular dysfunctions, do these 
parameters distinguish between the normal subjects 

and the patients in any meaningful way? Although 
McClure et al. (1976) reported some success in detect- 

ing patients by abnormalities in their rotatory re- 
sponses, we applied this technique to groups of pa- 

tients with peripheral and central lesions and failed to 

consistently separate their responses from those of the 

normal subjects. This work is more fully reported in 

Sills and Honrubia (1977) and Baloh et ai. (1978). 

In conclusion, the technique presented in this paper 

has been applied to the impulsive data from normal 

subjects to deduce the numerical values of a number of 

parameters in an attempt to evaluate the validity of the 

adaptation model. Although the original pendulum 

model was based on considerations of cupular dy- 

namics, the data used here derive from movements of 

the eyes. Thus, the parameters actually relate to the 

VOR itself. The values of the parameters, their de- 

pendence on stimulus direction and magnitude, and 

their correlations with each other have been assessed. 

The adaptation model has several striking successes, 

but equally true, there are a number of times when the 

assumptions of the model are invalid. There are a 

(4) 
a-exp(— TM2-a)—exp(—TM2) 

The first two equations are the first derivative of (1) 

evaluated at TM X2 and TMX1 respectively. The last is 

the ratio of (1) evaluated at TMX1 and TMX2. These 

three equations contain three unknowns; a, b, and T,, 

or equivalently T,, T,, and T,. To find the simul- 
taneous solution of these equations, T, is assigned an 
arbitrary value. Equation (2) is solved for the unique 
value of “a” corresponding to the T, value. The value 
of “a” is unique because the right side of (2) is a 

monotonically descending function of “a”. This value 

of “a” is used to fix the right side of (3) which 

determines the value for “b”. The left side of (3) is 

actually multivalued (1.e., the same value on the right 

side determines two values of “b”), but “b” can still be 

determined uniquely as follows. The function 

b-exp(—TM1-b) has its maximum value at 
b=1/TM1. From the definitions of “b” and TM1, this 

is whereT, = TMX1.Since T, is actually much less than 
TMX1, the correct values of “b” will always lie to the 

right of the maximum value of b-exp(—TM1-b) and in 

this region the left side of (3) is a monotonically 

descending function of “b”. 
Finally, the arbitrary value of T, and the resultant 

values of “a” and “b” are used to evaluate the right side 

of (4), which is compared to the experimentally de- 

termined value of R on the left side. If the two sides do 
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not agree, the value of T, is changed in a direction 

consistent with the observed difference between the 

two sides of (4) and the procedure is repeated starting 

with (2). we 

To derive the expressions for SV,, and DV,,,,, It 1s 
convenient to introduce two more dimensionless quan- 

tities, t, =TDUR/T, and 4t=4AT/T,, and evaluate (1) 

at the two times, t=TDUR and t=TDUR+4T: 

Since TDUR is much greater than T,, the last expo- 

nential in (1) can be dropped so that 

DV-T, 
She K(b—1)(a—1) 

[a-exp(—t,-a)—exp(—1t,)], (Sa) 

at a DV-T, 

eek K(b—1)(a—1) 

[a-exp —(t, + At)a—exp —(t,+ At)]. (Sb) 

Note that if 4dt=0, SV,,=—SV,, which implies 
that SV,,=0, or that there is no threshold. This 
underlines the connection between the existence of a 

threshold velocity and the appearance of a pause (AT) 
between the post-rotatory and after-nystagmus phases. 

Using a first-order expansion for SV, around t=t, 

SV(t_+ 4t)=SV(t.)+dSV/dt],-,At. (6) 

But SV(t,+ 4t)—SV(t,)= —2SV,, by definition so 

that 

2SV,,= —dSV/dt],_-,.At. (7) 

This expression assumes that the transition through 

the threshold region is linear so that the difference 

between SV evaluated at t=t,+At and t=t, can be 
approximated by 2SV,,/At. Figures 1 and 2 show 
several examples of the apparent linearity of SV 

through the threshold region. dSV/dt can be obtained 

by taking the first derivative of (5a) so that 

DV -AT 
neo 

SVen 2-K,(b—1)(a—1) 

[—a*-exp(—t_-a)+exp(—t,)]. (8) 

Table 4. Mean slopes of parameters versus experimental data 

DV, K,, a, b, AT, and t, are all known and SV,,, may be 

evaluated. In principle, SV,, could have been de- 

termined directly from either (Sa) or (5b), but near the 

threshold the duration of the nystagmus beats leng- 

thens, and an error of 1-2s in estimating TDUR is 

possible if only one measurement is used. By using the 
last beat of the post-rotatory phase and the first beat of 

the after-nystagmus phase, this error is minimized as 

much as possible. 
By definition SVM X2 must be greater than SV,, or 

there would be no after-nystagmus. Since an ex- 

pression for SVM X2 can be explicitly written using (1), 

it is possible to express the minimum impulse required 
to produce after-nystagmus by requiring that 

SVMX2=SV,,. This leads to 

DV Atpy 
nin oy eee 

a’ -exp(—t,-a)—exp(—t,) 

a-exp(—TM2.-a)—exp(—TM2)|’ 

DV 

(9) 

where Atp, is the experimentally observed dimension- 
less time corresponding to the actual impulse (DV) 

used to induce the experimental response. 

Appendix B 

The determination of K; and the time constants T, and 
T, depends on the values of the two SVMX and their 

respective times of occurrence. A random sample of 

nine subjects was selected and the variation in the 

values of these three parameters as a function of the 

four experimental quantities was studied. The sensi- 

tivity to changes was estimated from the slope of the 

line that resulted from holding all but one of the 

experimental quantities constant and varying the re- 

maining one over a range of values. Where the parame- 

ters showed a significant curvature (e.g. T, as a func- 

tion of SVM X2), a linear approximation to the slope 

over a small range of values to either side of the true 
value was used. 

The mean slopes and standard deviations for T,, 

T,, and K; as functions of the four experimental 

TMX 1 TMX2 SVMX 1 SVMX2 N 

Ty 24.94 15.1 0.8 +0.8 kev sel hi! Sa how wats lie? 9 
T; —1.6+0.9 O37 20 —0.13 +0.14 LOSE OF 9 
K, 0.7+ 0.2 — 0.006 +0.003 —0.011 +0.006 — 0.012+ 0.004 9 

) 
Values from 

Equivalence table 
Table 2 

T, (s) 23 +4 26 +54 p=99.5 +523 5 
T, (s) =a 16 SS 2.6 + 3 [i= 116.6) 1 as K,(s) +07 +0.03 0.2 +0 H 03 u= 145+ 0.528 



quantities are given in Table 4, based on nine subjects. 
To give more meaning to the slope values, an equival- 
ence table is presented in the lower part of Table 4. The 
values are derived by multiplying the slopes from the 
upper part of Table 4 by the following estimates of 
uncertainty in the measurement of the experimental 
quantities: TMX1=+1s, TMX2=+5s; SVMX1= 
+20°/s; SVMX2=+3°/s. These estimates of un- 
certainty are based on the analysis of data such as in 
Figs. 1 and 2. From this equivalence table one can see 
that uncertainties in the estimates of SVM X2 can lead 
to large variations in T, and T,, comparable to the 

inter-subject variance. The estimated value of K, de- 
pends strongly on the value of TMX1. For these 
reasonable estimates of the uncertainty in the experi- 
mental quantities, the uncertainty in the values of the 
parameters is less than the inter-subject variability. 
This implies that the parameters are not critically 
sensitive to the estimates of the experimental 
quantities. 
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Abstract. In order to study the motor unit action 
potential a computer simulation model was developed. 
It is based on the superposition of single muscle fibre 
potentials of the fibres belonging to the motor unit. The 
parameters which characterize each fibre (spatial po- 
sition, diameter, and a dispersion of arrival time of the 
potential at the electrode) are chosen from statistical 
distributions which can be derived from anatomical and 
physiological data. The electrode type, position and 
dimensions can be specified. Simulated motor unit 

action potentials are presented in the time and fre- 

quency domain. The simulation results refer to (1) the 

influence of the electrode position and dimensions with 
respect to the motor unit territory, (2) the meaning of 

this model for the study of pathological phenomena, (3) 
the variability of some parameters characterizing the 
motor unit, (4) the selectivity of uni- and bipolar 
electrodes and finally (5) the influence of the geometrical 
situation of the motor end-plates within the muscle, on 

the shape of motor unit action potentials. 

1. Introduction 

The motor unit action potential (muap; plural muaps) 

of a certain motor unit can be considered as a sum- 

mation of fibre potentials of all muscle fibres belonging 

to that motor unit. In Figure 1a a schematic drawing 

of one motor unit in a muscle is given. The shape of a 

muap and its power spectrum depend on a number of 

factors. The most important are: scattering and diame- 

ter of the muscle fibres of one motor unit, position and 

dimension of the electrode, conduction velocity, and 

the time dispersion meaning that there is a spread in 

the arrival time of the fibre potentials at the electrode. 

This dispersion is mainly caused by the different 

conduction velocities and lengths of the nerve twigs 

and the different positions of the motor end-plates. All 

these factors together form an obstacle for analytic 

calculation of possible muap shapes. However by 

means of simplified models some mathematical in- 

vestigations have been carried out by George (1970) 

and very extensively by Lindstrém et al. (1976). 

These models are interesting, especially in order to 
see how certain measurable parameters may reveal 
information about the motor unit, but their meaning 

with respect to a number of specific muap shapes is 
limited. The present study was undertaken to explore 

possible muap shapes and their relation to important 

anatomical and physiological parameters by means of 
computer simulation. This simulation was based on 
the fact that with a computer it is feasible to calculate 

the potential contribution of each muscle fibre of a 
motor unit separately. The potential contribution of a 

muscle fibre as used in the model, is described by 

Lorente de No (1947) and Rosenfalck (1969). Ekstedt 

and Stalberg (1973) described the influence of the size 
of the leading-off surface. 

2. Methods 

2.1. General Principle 

The muap is calculated basically as a summation of 

separate muscle fibre potentials according to the 

superposition principle. The spatial position, the diam- 

eter of each fibre and the dispersion in arrival time of 

each fibre potential at the electrode can be chosen 

according to probability density functions (pdfs) or if 

preferred in a deterministic way. These pdfs depend of 

course on the muscle being studied and can be esti- 

mated from anatomical and physiological data. The 

proposed model is very well suited for general use 

because it can be adjusted in a simple way to anatomi- 

cal and physiological data. In this study unipolar or 

bipolar “registrations”, based on data of the m. soleus 
of the rat have been calculated. The potential of the 

indifferent electrode, when unipolar “registrations” 

were made, was taken as zero: in reality this means 

0340-1200/78/0030/0221/$02.00 
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that such an electrode was thought to be placed in an 

electrical passive region. 
The model was programmed in Fortran and can be 

executed on a minicomputer'. In Fig. 2 a typical 

example of a simulation result is shown. In the upper 

right quadrant the fibre positions and the electrode 

position and dimensions are drawn. The electrode 

position is intraterritorial in this example. In the upper 

left quadrant the dispersion, the distance to the 
electrode-centre and the fibre diameter for each fibre 

are drawn. The calculated muap is plotted in the lower 

left quadrant. The power spectrum is shown in the 

lower right quadrant since it is an important character- 
istic of the motor unit (Lindstrom, 1974; Leifer and 

Pinelli, 1976). In this study it will be shown how the 

coordinates of the low frequency maximum are related 

to specific anatomical and physiological data of the 

motor unit. 

1 A detailed description and program listing is given in an internal 

technical report MUAP8 which can be obtained on request 

Pole 

oo 

a’a,K ol 1 

Fig. 1a and b. Schematic drawing of one motor unit in a muscle and 

the coordinate system used. a Of the motor unit only 6 muscle fibres 

are drawn. Notice that the endplate region resembles to a skew zone 

with a certain thickness. The muscle fibre potentials which are 

travelling to the right direction can be “measured” in an unipolar or 

bipolar way. b A geometrical representation of one muscle fibre and 
the electrode. The coordinates x,, x, and z, refer to the dimensions 
of the electrode. The coordinates z—s,, z+s, and z+s, refer to the 
poles of the tripole [Eq. (1)] 

2.2. Calculation of a Fibre Potential 

The muscle tissue was considered as an homogeneous, 

anisotropic, unlimited volume conductor. The poten- 
tial field in a volume conductor is subjected to the 

Laplace equation (Rosenfalck, 1969). Using the as- 
sumption that the potential field of one fibre is caused 

by three moving point-shaped current sources, this 

field can easily be described by the tripole model of 

Rosenfalck. It was assumed that the measuring elec- 

trode was placed far enough from the end-plate region 

so that the end-plate potentials and fibre potentials 
originating from parts of the fibre on the other side of 

the end-plate can be neglected. The potential contri- 

bution @’, for an isotropic medium of each muscle fibre 

with coordinates (x, ) to a point p (see Fig. 1b) with 
coordinates (x;,);,2;) of the electrode was calculated 
according to the tripole model mentioned above. It was 

assumed that the amplitude increases proportionally to 
the square of the fibre diameter (Lorente de N6, 1947; 
Hakansson, 1957). 

4c, Vz-s, —2)? +r? 
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In (1): a represents the fibre diameter; a is chosen 

from pdf; r represents the distance from point P to a 
muscle fibre r? =(x —x,)* +(y—y,)*; x and y are chosen 
from a pdf; z represents the position of the tripole on 
the muscle fibre z=z,+d—v-t; the dispersion d is 

chosen from a pdf, and v represents the velocity of the 

action potential and ¢ is time; o; and o, are the 
conductivities in the intracellular and extracellular 

medium; K is a constant. 
The function @, for a cylindrically anisotropic 

medium can be easily obtained by taking: 

1 > ; 0, at $,(r, 2) =3- Pi (r ES 2)( Rosentalck Oe eg 15}. (2) 

The tripole parameters (s,,55,%) were assumed to be 

equal for each fibre. A possible relation between 

diameter and conduction velocity can be taken into 

account by adjusting the pdf of arrival times. 

2.3. Influence of Electrode Dimensions 

The potential of a not point-shaped electrode was 

approximated by spatial integration of the function ¢, 

with respect to the electrode surface A 

Pet = al i Ppl", z)dA ? 
(3) 

A 

M.U—CROSS SECTION 
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Fig. 2. Example of a computer plot of a muap 

simulation. Besides the muap and its power 

spectrum the parameters used are also drawn. 

In the upper left quadrant for each fibre; the 

dispersion of arrival time, distance to the 

electrode-centre and fibre diameter are 

presented as indicated. In order to visualize the 

main parameters, in the upper right quadrant a 

cross section is given showing the muscle fibres 

of the motor unit and the electrode. The 

horizontal line of the electrode is an exact 

representation of the X and Y coordinates of 

this electrode (see also Fig. 1b). The electrode 

was directed along the Z-direction which is 

perpendicular to the drawing. This is indicated 

in perspective by means of a dotted oblique 

line. Using these data the muap is calculated. It 

is presented in the lower left quadrant. Finally 

a normalized power spectrum of this muap is 

plotted in the lower right quadrant (to log/dB 

scales), The arrow at the power spectrum 

indicates the low frequency maximum 

For the calculation of this integral it was convenient to 

take a rectangular lead-off area parallel to the muscle 
fibres. In Figure 1b the position of the electrode and one 

muscle fibre is shown to indicate the coordinates used. 
The solution of the integral (3) was obtained in two 

steps: 

Step 1: integration in the X-direction in an analytic 

way (Boon and Griep, 1976). In order to evaluate the 

contribution of the different poles [see Eq. (1)] the 
contribution of Pole 1 to the electrode potential @,, is 

considered, 

1 
Pa; Pole 1 — re J P p:Pole As z)dA 

1 =F 13-Pppote (7 V/5,2)dA 

wlth Soa ee OL 

Gone 2K pe Poe V(z-s,—2)° +175 

I 
x 

For the solution of integral I, see the Appendix. 
Step 2: Integration in the Z-direction by means of 

a numerical convolution (Griep and Boon, 1977). 

Equation (4) can be written as: 

a7o.K 3 +1/224 
i 

Pet; Pole 1(z) = 4g ; A bes 
e ish 

T(z—2,)- dz, , (5) 
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Fig. 3a and b. Distribution of arrival times. In these two figures the 

muscle is represented very schematically as a bar, the position of 

each dot represents an arrival time of a single fibre potential to the 

electrode. Two situations are drawn: a the arrival times are ran- 

domly spread in a rectangular zone; b the arrival times are randomly 

spread in a relatively small oblique zone (mainly due to the possible 

positions of the end-plates) 

or in the time domain: 

a’o;K 
Pet;Pote ,(t) = 4c, ; 

3 

A 

COS 2 = oe 
4c, a 

[{vt—vt)h(t)dt; with h(t,) 

=1 for ee else 
v 2v 

OG Koa = ES Sv BUit)eh(e (6) 
e 

Where * means a convolution. 

For all fibres of the motor unit with the same 

conduction velocity a convolution with the same 

impulse response has to be carried out. Therefore it is 

more convenient to summate the contributions of all 

fibres and calculate the convolution only once 
afterwards. 

2.4. Choice of Parameters 

The parameters used in this study all refer to the m. 

soleus of the rat. This muscle contains about 2500 
muscle fibres (Close, 1967; Frank et al., 1975). It was 

assumed that there are approximately 30-50 motor 

units (own measurements). A motor unit containing 50 

fibres was simulated. Considering the results of 

Kugelberg (1973) it seems reasonable to accept a 
random (rectangular) distribution for the pdf of the 

fibre positions. For the cross section of a motor unit 

territory an area 1x 2mm was chosen. It was not 

possible to obtain a precise pdf of the fibre diameters. 

Several authors investigated the fibre diameter 

(Yonemura, 1967; Edstrom and Kugelberg, 1968). 

Finally a random (rectangular) distribution between 

20-40 um was chosen. Although a Gaussian distri- 

bution might be more appropriate, it can be argued that 

the effects of this difference are subordinate. 

The pdf, describing the dispersion in arrival time 
can be chosen in different ways. These ways are 

illustrated in Fig. 3. 

In Figure 3a the pdf is chosen randomly (within a 
certain interval) so the arrival times are independent of 

the fibre positions within the muscle. In Figure 3b 
however the pdf is chosen randomly in an oblique 
zone. In this way the arrival times depend also on the 
fibre position within the muscle. Such an pdf is in 
accordance with a skew situation of the end-plate zone 
in a muscle (see Fig. 1a). The width D of the 

distribution function of arrival times was taken 

1.25ms. If the dispersion is only caused by the 
distribution of end-plate positions, this interval relates 

to an upper limit of the motor end-plate region of 

1.25x4=5mm (conduction velocity: 4m/s). This 

region is comparable with the results of Frank et al. 

(1975) and Ypey (1976). Besides these authors indicate 

a skew end-plate region within the muscle. 

At situation 3b the shape of the “parallelogram 

function” can be indicated by a factor DCOR between 

0 and 1. In this case the arrival time for the i" fibre D, 
ise 

Xj D=D{DOOR +(1-DCOR)-Ri. (7) 
x. 

terr 

where: x; is the x-coordinate of the i'" fibre; x,,,, is the 
territory dimension in the x-direction; R; is a random 
variable between 0 and 1. 

All the simulation results refer to a value of 

DCOR =0.5, unless otherwise indicated. 

The tripole parameters were adjusted on the basis 
of literature (Rosenfalck, 1969) and our own 

measurements. With a conduction velocity of 4m/s the 

value of s; =250 um. The other parameters were stated 
on: «=0.8 and s,=1250um. The dimensions of the 
electrode can be chosen arbitrary. 

All the simulation results refer to unipolar 

electrodes, unless otherwise indicated. 

3. Results 

3.1. Influence of Dimensions and Position of the 
Electrode on the Muap 

Figure 4 shows simulated muaps, “registrated” both by 
a point-shaped electrode and a macro electrode 
(dotted curves: lead-off area: 200 x 760 um) each for 
two different positions with respect to the motor unit 
territory. 
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Fig. 4. Influence of the electrode dimensions and position with respect to the motor unit territory on the muap and its power spectrum. The 
dotted lines refer to an electrode with a lead-off area of 200 x 760 tum, while the continuous lines refer to a micro electrode. In the left part the 
positions of the muscle fibres with respect to the electrode and the dimensions of the electrode are indicated. The change to smooth biphasic 
patterns, for both electrode types from intra to extraterritorial registrations is clearly shown 

Within the motor unit territory (Fig. 4a) there was 

a noticeable difference in amplitude and slightly in 
shape. The actual shape of an intraterritorial observed 

_muap is of course strongly determined by the fibres 
lying right next to the electrode. This dependence was 
most obvious for a point shaped electrode: rapid 
changes caused by the nearby fibres were observed. 

These rapid changes correspond to high frequency 

components in the power spectrum. A _ low-pass 

filtering effect of the macro electrode, caused by the 

surface integration, was obvious in intraterritorial 

observation (Fig. 4a). If the electrode was at the 

“border” of the motor unit territory there was hardly 
any difference between the “registrations” of the two 

electrodes. 
Low and high frequency contents could be 

distinguished in the power spectra. The low frequency 
part was characterized by the first maximum in the 

spectrum (see Fig. 2). 
As will be shown the amplitude of this first 

maximum contained general information about the 

motor unit. Extraterritorial simulated muaps were 

dominated by the low frequency content. In the time 

domain only a biphasic slow wave appeared. 

In the intraterritorial simulated muaps a similar 

‘slow biphasic wave could also be recognized as a part 

of the total muap. The low frequency maximum in the 

spectrum showed a slight shift to lower frequencies 

with increasing distance of the electrode (Fig. 4a and b) 

as can be expected considering the volume conduction 
theory. 

3.2. Influence of the Distribution of Motor End-plates 
on the Muap 

It is interesting to know if the shape of a muap depends 
on the arrival times of the individual single fibre 

potentials at the electrode. 

Anatomical studies of the situation of the motor 
end-plates (Coérs and Woolf, 1957; Ypey, 1975; Frank 

et al., 1975) suggest a small oblique zone as shown in 

Figure 3b. Such a geometrical situation implies a 

correlation between the position of a fibre with respect 

to the cross section of the muscle and the arrival time. 

Therefore the influence of some arrival time functions, 

which depend on the distribution of motor end-plates 

on the muap was simulated. 

In Figure Sa the end-plates were randomly 

distributed in the whole end-plate region, a polyphasic 

muap was obtained. If the end-plates were exactly 

positioned in a skew plane a biphasic muap with a 

higher amplitude was obtained. In this Figure Sc it is 

assumed that differences in arrival times are only 

caused by different end-plate positions with respect to 

the cross-section of the muscle (DCOR = 1). 

In Fig. 5b an “intermediate” structure (DCOR =0.3) 
was simulated: the muap is almost biphasic. 

It is obvious that the structure of the motor end- 

plane zone influences the muap strongly. 
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Fig. 5. The influence of the distribution of motor end-plates on the muap. From the simulation result in the top of the figure, it can be seen that 

with end-plates, that are randomly distributed in the whole end-plate region, a more polyphasic muap is obtained. If the end-plates are exactly 

positioned in a skew plane a biphasic muap with a higher amplitude is obtained. With these simulations it is assumed that differences in arrival 
times are only caused by different end-plate positions with respect to the cross-section of the muscle. In the middle of the figure an 

“intermediate” structure (DCOR =0.3) was simulated : the muap is almost biphasic. It is obvious that the structure of the motor end-plate zone 

influences the muap strongly 

3.3. Changing Dispersion of Arrival Times 

An enlarged dispersion is an important pathological 

symptom which can be observed e.g. in neuropathies 
(Hopf and Struppler, 1974). 

Figure 6 shows an example of the influence of an 

enlarged dispersion on the form of the muap and its 

spectrum. 

The electrode (100 x 380m) was situated in the 

centre of the motor unit territory. In Fig. 6a the 

maximum difference in arrival time is 1.25ms. A muap 

which is almost biphasic is apparent. An enlargement 

to 2.5ms (Fig. 6b) generated a more polyphasic muap. 

The change to a more polyphasic pattern is a well- 

known phenomenon. Usually a polyphasic muap 

resulted in more power in the high frequency part of 

the power spectrum. 

From Fig. 6 it can be concluded that the maximum 

of the low frequency part shifts to a lower frequency. In 

general this frequency was related to the duration of 

the muap and therefore also to the dispersion of the 
arrival times. 

3.4. Fibre Density and Motor Unit Territory 

Differences in the number of fibres of one motor unit 
can be caused by variations in the fibre density and/or 

variations in the size of the motor unit territory. Of 

course an increasing number of fibres will result in a 

higher amplitude of the muap as long as com- 

pensation, due to superposition of negative and positive 
phases of different fibre potentials is not complete. It 

can be argued that such a compensation will hardly 
affect the low frequency part of the spectrum. 

Therefore the amplitude of the low frequency 

maximum is an interesting parameter. In Fig. 7 this 

parameter is plotted as a function of the number of 

fibres in an intraterritorial simulated muap. Besides 
this parameter also the top-top amplitude of the time 

registration is indicated in Fig. 7 in order to compare 
this with the low frequency maximum parameters. 

In Fig. 7a the number of fibres is proportional to 

the density by taking a constant cross-section area of 

the motor unit, whereas in Fig. 7b this number is 

proportional to the area, implicating a constant 
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Fig. 6a and b. Influence of an enlarged dispersion of arrival times on the muap and its power spectrum. In the upper part a situation is shown, 
with a certain dispersion of arrival times, while in the lower part the dispersion is (proportionally) enlarged. This causes a more polyphasic 
pattern and usually more power in the high frequency part of the power spectrum. The maximum of the low frequency part is shifted to a lower 
frequency 

density. In the first case the parameter |/P,,,, shows 
an almost linear dependence with respect to the fibre 
density while the muap amplitude is rather variable. 

In the lower part the fibre density is taken constant. 

There is a clear relation between poe and territory 
diameters. 

The muap amplitude is almost independent of the 
territory diameter. All results are obtained by 

assuming the lead-off electrode to be positioned in the 

geometrical centre of the territory. 

3.5. Variability of Some Muap-parameters with Respect 

to the Electrode Position 

In order to illustrate the influence of the actual position 

of the electrode within a certain area of the motor unit 
territory we simulated 42 muaps. The electrode posi- 

tions were chosen arbitrary in the foliowing areas: 

1. approximately in the geometrical centre of the 

motor unit, 2. at the boundary, 3. between the centre 

and the boundary, and 4. outside the motor unit 

territory (three different regions). 
From the simulation results means and standard 

deviations were calculated based on the muaps led off 

from one area, characterized by its mean distance to 

the geometrical centre of the motor unit. 

In Fig.8 the ratio standard deviation/mean is 

plotted as a function of the distance to the centre, both 

for the top-top amplitude as well as for the square root 

of the amplitude of the low frequency maximum. 

Apparently the latter is a less fluctuating parameter. 

Therefore it can be used in order to obtain information 

arbitr, units 
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Fig. 7a and b. Relation between two muap parameters and fibre 

density or territory diameter. In this figure it is presented how the 

muap amplitude and |/ P,,,, are related to the fibre density as well as 
the territory diameter. In the upper part the m.u. territory is taken 

constant and the fibre density is taken variable. The parameter 

/P pax Shows an almost linear dependence with respect to the fibre 
density while the muap amplitude is rather variable. In the lower 

part the fibre density is taken constant. There is a clear relation 

between |/P,,,, and territory diameter. The muap amplitude is 
almost independent of the territory diameter. All results are ob- 

tained by assuming the lead-off electrode to be positioned in the 

centre of the territory 
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Fig. 8. The ratio standard deviation/mean (=) of simulated muaps, 

m 
plotted as a function of the distance from the electrode to the centre 

of the motor unit, indicating the variability of the parameters top-top 

amplitude and ]|/P,,,, (electrode 100 x 380,1m). The upper curve 

refers to the top-top amplitude, the lower curve refers to the square 

root of the low frequency maximum, which is clearly a less fluctuat- 

ing parameter and therefore it is an interesting parameter for further 

investigations 

about fibre density and/or size of the motor unit (see 

also Fig. 7). 

3.6. Selectivity of an Unipolar and a Bipolar Electrode 

The usefulness of the model for studying different kind 
of electrodes will be illustrated by a case study 

concerning the selectivity-characteristics of unipolar 
and bipolar electrodes. Two partly overlapping motor 

units (Nos. 1 and 2) were considered, which were 

supposed to be active at the same time (see Fig. 9). 

The recording electrode was positioned in the 
centre of motor unit 1 and just outside motor unit 2. 

MU APS [same scale] 

UNIPOLAR 
<eg ion of 

MU. 2 

In the upper part of Fig. 9 it is shown how the 

muap of motor unit 1 simulated with an unipolar 

electrode, is strongly interfered with the muap 

originating of the second motor unit. 

However if a bipolar registration (the two 
electrodes are positioned parallel to the muscle fibres) 

is simulated, with an interelectrode distance of 0.3 mm, 

the electrode seems to be very selective for the activity 
of motor unit 1 (lower part of Fig. 9). 

The powerspectra are also indicated. It can be seen 

that a bipolar electrode acts as a high-pass filter. 
On increasing the interelectrode distance the power 

spectrum showed regular “dips” from which the 
conduction velocity of the muscle fibres can be derived 

(Linstrom, 1974). 

4. Discussion 

In the previous part results of the stochastic simulation 
model have been presented. It was a first attempt to 

study possible muaps by “imitating” the motor unit 
both from the anatomical as the physiological point of 

view. The model is strongly based on the description of 

the single fibre potential. If only one fibre is considered, 

the model is equivalent to the model of Ekstedt and 

Stalberg (1973) however in our model also anisotropy 

is taken into account. The description of the single 

fibre potential has its limitations especially when the 
muscle fibre is too close to the electrode. In this case a 

more correct description can be given as is shown by 

Rosenfalck (1969) and Dimitrov and Dimitrova (1974). 

BIPOLAR 
interelectrode distance: 

3mm 

1000 Hz 

Fig. 9. Selectivity of an unipolar and bipolar electrode. Two overlapping motor units are active at the same time. If an unipolar recording is 
simulated, the activity of motor unit 1 is strongly interfered with the activity of motor unit 2, However ifa bipolar recording is simulated with a 
small interelectrode distance (0.3 mm) this electrode seems to be very selective for the activity of motor unit 1;a distorted muap is obtained. The 
power spectra are also indicated. It can be seen that a bipolar electrode acts as a high-pass filter ; 



It is of course possible to build in a more general 
applicable algorithm. This was not done here because 
then the program would be very time-consuming while 
improvements were expected to be marginal. 

In literature a number of EMG-models concerning 
single muaps are mentioned (George, 1970: Lindstrom 
et al., 1976). These models have an analytical approach 
and the results refer to so called expected values 
(statistical first and second order moments). Especially 
the work of Lindstrém et al. on this subject is very 
extensive. They calculated expected values of the 
Fourier and power spectrum using the pdfs of the 
stochastic variables already mentioned. With the 
stochastic simulation model these pdfs are basically not 
used as a weighting function. In our model the 
contribution of each fibre to the muap is individually 
simulated using parameter-values that were chosen for 
each fibre separately, according to the same pdf. Only 
if the number of fibres in a motor unit is large enough, 
do the two methods lead to comparable results. For 
extraterritorial recorded muaps the number of fibres is 

usually large enough so that the expected values forma 
good approximation of a particular muap. For 
intraterritorial recorded muaps however it is the 

fraction of fibres in close vicinity to the electrode that 

is not large enough to make statistical weighting 
useful. Single fibre potentials that can be observed 
separately in reality and also which our model (see 

Fig. 3) are “smoothed away” by using the pdf as a 

weighting function. 
This effect can be easily demonstrated by assuming 

only one fibre potential f(t—t). Only the arrival time t 
is taken as a stochastic variable. On this way the 

expected value is: 

Set $¢—vpode= 0), (7) 

where p(t) represents the probability density function 

of the arrival time t. The shape of f(t) differs of course 

of the shape of f(t) and it must be emphasized that 

always (at every experiment) the shape f(t) will be 

measured and never f(t)! 

The results of the simulation model will depend 

strongly on the parameters used, just as in reality. This 

implies that when using the model to study a specific 

muscle, these parameters must be investigated as well 

as possible. Now an extensively investigation is in 

progress to test the simulation model thoroughly by 

measuring all the parameters used in the model by 

electrophysiological and histochemical techniques. 

From our own measurements it appeared that the 

variability in registrated muap-shapes is comparable 

with our simulation results. 

In the model the dispersion of arrival times is taken 

statistically dependent on the position of the muscle 
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fibre within the motor unit. From the simulation 
results (Fig. 5) it can be concluded that on increasing 
the correlation between position and arrival time, less 
polyphasic patterns will appear. 

Physiological studies of Stalberg and Thiele (1975) 

by means of single fibre electromyography indicate a 

relatively small time interval between two fibres that 

are lying close to each other; this also reveals a 

possible correlation. Another parameter of interest is 
the pdf which determines the scattering of muscle 

fibres of a motor unit within the muscle. In the 
simulation model the fibres were randomly 

(homogeneous) spread. Although in literature these 

pdfs are not investigated quantitatively, data about 
motor unit cross sections (also of different muscles) 

suggest such a random distribution (Kugelberg, 1973; 

Burke et al., 1974; Brandstater and Lambert, 1973; 

Stalberg et al., 1976). In pathological cases however 

this distribution can change significantly. 

On observing several simulated muaps it is 

apparent how variable the top-top amplitude of the 

muap can be if an intraterritorial registration is made. 
The variations of the distance between the closest 

fibres and the electrode are very dominant. 

This is the reason why Gydikov (1976) only used 

extraterritorial muaps for studying the motor units (see 

also Buchthal and Rosenfalck, 1973). Stalberg (1976) 

argued that the intraterritorially recorded muap is 

only determined by the “closest fibres” already 

mentioned. 

With respect to these findings the simulation 

results indicate that the low-frequency maximum of 

the power spectrum is an interesting parameter to 

describe features concerning the whole motor unit, 

both with extraterritorial as with intraterritorial 

measurements. 

As could be expected it is evident from the 

simulation results with micro- and macro-electrodes 
(Fig. 4) that the micro electrode gives a signal that is 

mainly related to the closest single fibre(s) while the 

macro electrode signal (especially for larger 

macroelectrodes) is more related to all the fibres of the 

motor unit. This suggests an electrode construction for 

practical investigations in which a macro and micro 

electrode are combined. For example the micro 

electrode signal can be used as a trigger signal to 

average the macro electrode signal, in order to obtain 

isolated “macro-muaps” from interference patterns 

(Leifer and Pinelli, 1976). 

Finally it is concluded that the presented 

simulation model is a powerful tool for investigating 

the basic problems: behaviour of existing and new 

types of electrodes and the relations between muaps 

and motor unit parameters. 
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Appendix 

Solution of integral J,: 

x2 

=. Us 
- x41 V(z-s,—2) +17 -5 

x1 V(z—s, —2,)? +5(x—x,)? + 5(y—y,)” 

a . (x—x,)+ V/(x—x,)? +5? 
= -In LODE Xe 5 
V5 (x-x2)+ V(x—x3)? +B? 

V ava! 
ae jpiebeaaa Dae) e [OF Sea <o67 
V5 (x, —x)+ V(x, —x)? +b? 

(z—s,—z,) 

3 
For x,;<x<x, a combination of these formulas is 
obtained. 
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Anisotropic Connectivity and Cooperative Phenomena 
as a Basis for Orientation Sensitivity in the Visual Cortex 

B. Finette’, B. Harth', and T. J. Csermely? 
* Department of Physics 
? Department of Electrical and Computer Engineering, Syracuse University, Syracuse, NY, USA 

Abstract. A computer simulation model of the neural 
circuitry underlying orientation sensitivity in cortical 
neurons is examined. The model consists of a network 
of 3000 neurons divided into two functionally distinct 

cell types: excitatory (E-cells) and inhibitory (J-cells). 
We demonstrate that both orientation sensitivity and 
shape selectivity can be accounted for by making the 

following assumptions: 1) thalamic afferents to a sheet 
of cortical neurons are retinotopically organized; 2) 

thalamic afferents come from a single neuron, or at 

most a few neurons, in the lateral geniculate nucleus; 

3) cortical activity is cooperative, i.e. largely dependent 
on intracortical connections, some of which have 

anisotropies along directions parallel to the pial sur- 
face. Anisotropies are specified only by the distribution 
of cells which are postsynaptic to a particular neuron, 
without specifying the axonal or dendritic contri- 

butions. In this paper, orientation sensitivity arises 
through cooperative interactions among neurons hav- 

ing anisotropic excitatory, and isotropic inhibitory 
connections. 

Introduction 

Information processing in the mammalian visual sys- 

tem is often described as a succession of mappings 

between layers or sheets of neurons (Szentagothai and 

Arbib, 1974). The mappings from the retina to lateral 

geniculate nucleus (LGN) and from the LGN to striate 

cortex are retinotopically organized: neighboring 

areas on one sheet correspond to neighboring areas on 

the successive sheet. Single cell receptive fields are 

generally circular with center-surround structure in the 

retina and LGN and — in the case of primates — also in 

lamina IVc of striate cortex. However, in other layers 

of the visual cortex, the dominant field configuration 

shows distinct elongation with rather precise orien- 

tation for the stimulus eliciting the highest response. 

Neurons having similar orientation preferences are 

located within structures termed orientation columns 

or slabs (Hubel and Wiesel, 1977). Anatomical con- 

firmation of the orientation slabs has recently been 

found by use of 2-deoxyglucose autoradiography 

(Hubel et al., 1978; Skeen et al., 1978). 

The neural circuity underlying the transition from 

neurons with more or less circular receptive fields to 

those with elongated, orientation sensitive fields is 

unknown. The earliest theory of orientation sensitivity 

(Hubel and Wiesel, 1962) suggested that a simple 

cortical receptive field may be the result of specific 

geniculate afferents selected by the dendritic tree of the 

cortical cell. In this model, a simple cortical field 

elongated in the horizontal direction is formed by 
inputs from geniculate cells whose receptive fields are 

displaced along a horizontal direction. Similarly, com- 

plex and hypercomplex cells would be constructed 

from simple cell receptive fields, thus forming a hier- 

archy of cortical receptive field structures. 

An alternative view interprets orientation sensi- 

tivity as arising from intracortical connections rather 
than from a selection of specific afferent fibers. 

Braitenberg (1974) suggests that axon collaterals of 

pyramidal cells, often seen traveling laterally over 

considerable distances, might form strong recurrent 

interactions with neighboring pyramidal cells. In this 

scheme, axon collateral distributions may play an 

important role in determining the shape of cortical 
receptive fields. Colonnier (1964) and MclIlwain (1976) 

believe that oriented receptive fields in the visual 

cortex may reflect anisotropies in the dendritic fields of 

cortical cells. Creutzfeldt et al. (1974) have considered 

anisotropic inhibitory connections as a contributing 

factor in orientation selectivity, while Schiller et al. 

(1976) suggest a number of schemes based on aniso- 
tropic cortical connectivities in order to explain both 
orientation selectivity and direction specificity. 

0340-1200/78/0030/023 1/$02.00 
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Fig. 1. Schematic diagram illustrating a netlet’s stationary activity 

states, «,,, due to slowly varying afferent stimulation. Parameters o— 

and o* represent the strengths of afferent inhibitory and excitatory 
stimulation, respectively. Three qualitatively different steady state 

trajectories, corresponding to three constant levels of inhibitory 

inputs, are illustrated 

Our present study is part of a program in which we 

apply both experimental and theoretical methods to 

the problem of orientation sensitivity. Quantitative 

features of cortical structure are determined by com- 

puter-aided measuring techniques using tissue sections 

from striate cortex, stained by the rapid Golgi method. 
This work is now carried out with a new measuring 

system (Gentile and Harth, to be published), incor- 

porating a novel technique for alignment of serial 

sections (Gentile and MHarth, 1978). The classic 

anatomical methods, using Golgi and similar staining 

techniques, have in the past failed to exhibit any of the 

striking features related to either ocular dominance or 

orientation selectivity in the cortex. This has been a 

major puzzle in neurophysiology. Lack of anatomical 
confirmation of physiological facts has been largely 

overcome by the new radiographic techniques which 
have vastly extended our knowledge of the spatial 

arrangement of ocular dominance and orientation 

columns. However, the fundamental question of the 

neuronal wiring responsible for orientation sensitivity 

still remains unanswered. It is our belief that a new 

quantitative look at the details of cortical fiber struc- 
ture will be required to reveal the relevant circuitry. 

To this end we will continue our program of 

quantitative neuroanatomy, using computer-aided 

three dimensional measurements of neuronal fiber 
structure. The rapid Golgi stain will be the chief 

method for revealing structural details at the light 
microscope level. 

In the theoretical phase of this program, the dy- 

namics of neural structures is studied by mathematical 

analysis and computer simulation. By incorporating 
results of morphological studies such as our own, we 

hope that new insights will be gained into the re- 

lationship between cortical structure and function. 

We approach the problem of the neuronal origin of 

orientation sensitivity by building upon our back- 

ground of large-scale computer simulations of diverse 

neuronal networks. The aim here will be simply to 

demonstrate that orientation sensitivity can be ac- 

counted for by making the following assumptions: I) 

cortical neurons are retinotopically organized (Daniel 

and Whitteridge, 1961; Tusa et al. 1978); II) the 

thalamic afferents to a cortical neuron come from a 

single cell, or at most a few cells in the LGN 

(Creutzfeldt and Ito, 1968 ; Creutzfeldt et al., 1974), and 

III) cortical activity is cooperative, ie. largely de- 
pendent on intracortical connections, some of which 
have anisotropies along directions parallel to the pial 

surface (Paldino and Harth, 1977; Marin-Padilla and 

Stibitz, 1974; Szentagothai and Arbib, 1974). 

Supporting evidence is strongest for the first, weakest 

for the last of these assumptions. No attempt will be 
made here to describe either the topology of the 

mapping of visual space onto the visual cortex, or the 

detailed structure of cortical receptive fields at the 

single cell level. 

Theoretical Considerations 

We have been studying cooperative phenomena within 

neural populations for some time (Harth et al., 1970; 

Anninos et al., 1970; Wong and Harth, 1973; Harth et 

al., 1975). Several researchers have found similar effects 

under a rather wide range of assumptions (Amari, 

1971; Wilson and Cowen, 1972; 1973; Grossberg, 

1973; Amariand Arbib, 1977). We have introduced the 

concept of netlets, defined as functionally distinct 

populations of neurons randomly connected without 

distance bias. The significant dynamic variable in a 

netlet was taken to be its activity, i.e. the fraction of 
neurons firing at a given time. It was found that small 

changes in the strength of afferent excitatory (in- 

hibitory) stimulation can produce sudden phase tran- 

sitions between two activity levels and hysteresis effects 
in a single netlet or between coupled netlets. In Fig. 1 

we depict a typical surface corresponding to the set of 
stationary states for a single netlet. In this graph, the 
vertical axis, w,,, denotes the activities corresponding 
to stationary states of the net. The horizontal axes, o* 
and a , refer to the strengths of excitatory and in- 

hibitory inputs distributed over the net. Three vertical 
cuts through the surface for different levels of in- 
hibitory input indicate three qualitatively different 
curves. These describe the trajectories of the system for 
slowly varying excitatory inputs and constant levels of 
inhibition. It is seen that phase transitions and hy- 
steresis effects occur for particular values of excitatory 



and inhibitory stimulation where two stable stationary 
states exist. 

These concepts have been extended to locally con- 
nected two dimensional homogeneous, isotropic net- 
works (unpublished data). Such structures can be made 
locally addressable, meaning that activity generated by 
local input remains within or near the region of 
stimulation. In such a case, this local region appro- 
ximates the dynamics of a netlet. For the isotropic 
network the natural stimulus shape is circular — local 
activity is elicited most readily by a compact stimulus. 
The property of local addressability remains when the 
interconnections within the network are anisotropic. 
Such networks can be made to respond selectively to 
elongated stimuli of particular orientations. Once 
again, sharp phase transitions and hysteresis are ob- 
tained in response to changes in stimulus intensity. 
These cooperative effects are quite sensitive to stimulus 
shape and orientation. 

Details of the Model 

We consider the dynamics of spatially localized cell 
populations within a single orientation column, ie. a 

network tuned to a specific stimulus orientation. 

Ocular dominance effects are not considered. In this 

model, orientation tuning of neuronal populations will 

be shown to arise through cooperative interactions 

among neurons’ with anisotropic — excitatory 

interconnections. 
In the computer simulations presented here we 

have considered a network consisting of two func- 

tionally distinct cell types: excitatory (E-cells) and 

inhibitory (J-cells). Estimates are that approximately 

70-85% of all cells in the visual cortex of cat are 

pyramidal cells, though for primates this fraction 1s 

smaller (Sholl, 1955; Blinkoy and Glezer, 1968). Such 

neurons are thought to be excitatory in their postsyn- 

aptic effects (Szentagothai, 1975). Other cell types, 

collectively termed stellate cells, may be either exci- 

tatory or inhibitory (Szentagothai, 1975). Because of 

the presumably small number of J-cells we have as- 

sumed that intracortical connections are of the types 

her J and«i—#H,. but not-I—1..A number of 

studies support the view that geniculo-cortical syn- 

apses are excitatory (Creutzfeldt and _ Ito, 1968; 

Colonnier and Rossignol, 1969; Toyama et al., 1974; 

Garey, 1976). Anatomical observations on the terminal 

site of geniculate fibers indicate contacts may occur 

with both pyramidal and stellate cells (Globus and 

Scheibel, 1967; Lund, 1973). Intracellular recordings 

(Creutzfeldt and Ito, 1968; Creutzfeldt et al., 1974) 

suggest that, on the average, only one or two geni- 

culate fibers project to a single cortical cell. However, 
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the relative proportion of cortical excitatory and in- 
hibitory neurons contacted by the primary visual 
afferents is unknown. Consequently, we choose the 
afferents to our networks as excitatory, and randomly 
distributed to both groups of cells within a specified 
region. On the average, only one afferent fiber will 
Synapse with a given excitatory or inhibitory cell. 

Anisotropies within the cortex may arise from 
either dendritic or axonal asymmetries, or both. 
Marin-Padilla (1974), Marin-Padilla and Stibitz (1974) 
have found strong anisotropies in both the axonal and 
dendritic distribution of basket cells in both motor and 
visual cortices. Basket cells (type 1 cell of Jones) have 

been seen in primate somatosensory cortex with their 
axons organized in antero-posteriorly oriented planes 

(Jones, 1975). Szentagothai (1973) tentatively con- 

cludes that basket cells in the visual cortex of cat and 
monkey have axons oriented in narrow planes. He also 

reports on another large stellate interneuron whose 

axon arborizes within a vertical plane perpendicular to 

that of the basket cell arborization of the same region 
(Szentagothai, 1975). Paldino and Harth (1977) have 

found anisotropies in collaterals of axons from pyra- 
midal cells in rat visual cortex. Degeneration studies in 

monkey and cat striate cortex (Fisken et al., 1975; 

Creutzfeldt et al., 1977) indicate strong asymmetries in 

degeneration of intrinsic fiber connections. 
Physiological studies have suggested orientation selec- 
tive intracortical inhibition in cat cortex (Creutzfeldt et 

al., 1974; Nelson and Frost, 1978). Anisotropies of 

connectivity are specified in our model only by the 

distribution of cells that are postsynaptic to a parti- 
cular neuron. The separate contributions of axonal 
and dendritic fields to this effect will be considered in 

future work. This paper specifically deals with net- 
works containing anisotropic excitatory connections 
and isotropic inhibitory connections. 

The pattern of orientation columns and their re- 

lation to the system of ocular dominance columns was 

studied in monkey by Hubel et al. (1978). The mini- 

mum length of an orientation column, corresponding 

to one eye, is obtained by assuming that it crosses the 

ocular dominance column at right angle. The average 

density of neurons in monkey visual cortex is 110 per 
0.001 mm? (Cragg, 1967) and the average thickness 
1.5-2.0mm. We therefore estimate that about 4-5000 
neurons are found in a single column. Our network 

consists of 3000 neurons, 85% E-cells and 15% I-cells. 

At present, the dimension perpendicular to the pial 

surface is neglected for the sake of simplicity. All 

neurons and their interconnections lie in a plane. The 

positions of the somas are distributed randomly over 

the plane in order to conform to the general ap- 

pearance of Nissl stained tissue and to avoid any 

orientation bias inherent in a lattice structure. 



Fig. 2. Coordinate system used to determine the spatial distribution 

of connections from an arbitrary neuron, located at r,, to postsynap- 

tic cells within a given circular region of influence. Symbols denote 

neurons which are distributed randomly on a 500x500 grid. In 

general, the probability of a connection depends on |r| and 0 

The spatial distribution of cells that are postsynap- 

tic to a particular neuron is assumed to be a function of 

distances and orientation as follows. Let r, and r, be 
the locations of pre- and postsynaptic cells, respec- 
tively (Fig. 2). We now choose a set of polar coor- 

dinates r, 0 centered on the soma of the presynaptic 

cell. For an isotropic homogeneous distribution, the 

probability that a cell located at r, receives a synapse 
from a neuron located at r, depends on |r|=|r,—r,| 

and is independent of 0. We assume further that our 

probability density function is constant for |r| <@ and 

zero for |r|>o. This choice of a uniform distribution 

receives partial support from the characteristic arbori- 

zation pattern of pyramidal axon collaterals and its 

consequent effect on pyramidal-pyramidal cell con- 

nections (Szentagothai, 1975). Thus, for the homo- 

geneous isotropic case, the distribution of postsynaptic 
neurons is uniform over a circular region of radius o. 
For the anisotropic connectivity distribution, an el- 

liptical region of influence is assumed, centered on the 
presynaptic cell body. Such a field is characterized by 

the lengths of the major and minor axes. For a given 

anisotropic connectivity distribution, neurons have 
their regions of influence parallel to each other (i.e., the 
major axes are parallel). 

Single Cell Properties and Parameters 

Every cell in each functionally defined group is charac- 

terized by a set of distinct parameters: threshold, 

summation time, number of efferent fibers, absolute 

and relative refractory periods, and rate of spon- 

taneous activity. Each cell linearly sums the postsynap- 

tic potentials impinging on it. Conduction times for 

postsynaptic and action potentials over the relatively 

short intracortical fiber distances are neglected. 

Synapses are characterized by a synaptic delay, and the 

strengths of excitatory (EPSP) or inhibitory (IPSP) 

postsynaptic potentials. These synaptic strengths refer 

to the effects produced at the axon hillock of a 

postsynaptic cell by the firing of a presynaptic neuron. 

Intracellular recordings from neurons in cat visual 

cortex (Toyama et al., 1974) often indicate that EPSPs 

have a short time course while IPSPs result in long 

lasting hyperpolarizations. The convergence of a large 

number of presumably inhibitory synaptic terminals 

surrounding pyramidal cell bodies and initial segments 

of the apical dendrites (Szentagothai, 1973; Marin- 

Padilla, 1974; Garey, 1976) suggest a possible 

anatomical explanation for this long lasting inhi- 

bition if the IPSPs arrive with different latencies. 

Accordingly, mean EPSP magnitudes are chosen to 

be smaller than mean IPSP magnitudes, and the 

summation time for EPSPs is chosen to be shorter than 
the summation time for IPSPs. The E-cell thresholds 

are fixed so that, on the average, two to three EPSPs are 

needed to fire an E-cell in its resting state. We have 

chosen the average magnitude of the EPSPs generated 

by E-cells within the network to be approximately half 

that of EPSPs generated by afferent stimulation. These 
choices were to some extent guided by experimental 
data (Creutzfeldt and Ito, 1968). 

Spontaneous activity of neurons in the visual sys- 

tem decreases considerably as one goes from the retina 

to LGN to striate cortex (Jacobs, 1972). We have 

chosen the maintained activity rate to be zero in these 
runs. 

Procedure and Simulation Results 

All results in this section are from a single, repre- 

sentative network. That is, connections among neu- 

rons remain fixed, though parameters describing single 

cell and stimulus properties may vary as indicated. A 

network of 3000 neurons is simulated by storing the 

parameters describing the individual E and J-cells and 

the details of the connectivity in core memory of an 

IBM 370/155 computer. There are approximately thir- 

ty functional connections per cell; each connection 
may correspond to a number of synapses. Every 
neuron is characterized by the location of its cell body 
on a plane. Cell positions on this surface are selected 
by a random number generator (flat distribution) with 
an additional algorithm used to reduce excessive cell 
density fluctuations. 



_The simulations were carried out in batch mode 
using FORTRAN IV. We employed a sequential 
simulation technique, whereby the network is searched 
at fixed time intervals for neural events and the state of 
each cell in the network is systematically updated. 
Time is quantized in units of synaptic delay. Though 
restriction of firing rates to discrete time intervals may 
introduce artifacts in the dynamics, the relative impor- 
tance of such artifacts is model dependent. Wong and 
Harth (1973) have shown that, in the netlet approach, 
effective desynchronization is achieved by allowing the 
time intervals to become small relative to synaptic 
delays and other neural time constants. Their analysis 
of netlet dynamics demonstrated that the qualitative 
nature of the dynamics remains unchanged under these 
conditions. 

A stimulus consists of both spatial and temporal 

components. Fixed regions of the network which may 

receive excitatory afferent stimulation are chosen as 

either circular or elliptical with different orientations. 

Neurons lying within those regions may receive “af- 

ferent EPSPs” at certain rates and for a prescribed 

length of time, the stimulus duration. Stimuli are 

presented near the center of the plane to minimize edge 
effects. 

Stimulus intensity is determined in the following 

way. At each time interval (iteration) a certain fraction 

of cells within the chosen region receive EPSPs of 

constant size. The number of EPSPs generated by 

afferent stimulation is termed stimulus intensity. These 

neurons are selected by a random number generator 
using a uniform distribution. The time course of the 

stimulus is either rectangular or a linearly changing 
function of time. Throughout this paper, stimuli have 

been presented to fixed regions of the network. No 

motion dependence has been considered. Though 

cortical cells respond more vigorously to moving 

stimuli than to stationary stimuli, these cells exhibit 

the same optimal orientation and similar tuning curves 

for both stimulus types (Henry et al., 1974). The effects 

of moving stimuli are presently under study and will be 

considered elsewhere. 

A flexible group of programs (Finette, to be pub- 

lished) allows us to monitor most features of the 

resulting network dynamics. For example, the com- 

puter furnishes graphic representations (via a Calcomp 

plotter) of the distribution of cells in the stimulus 

region, and the spatial and temporal distribution of 

depolarization, hyperpolarization and spike activity in 

all neurons. 

For our study we have selected network param- 

eters such that the response to localized stimulation 

remains localized. Within this locally addressable re- 

gion, the response characteristics fall into four distinct 

categories (Fig. 3): unresponsive, transient, sustained, 
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Fig. 3. General characteristics of the time course of activity, «,, in a 

population of E-cells. Stimulus duration is indicated by double 

arrow. Four qualitatively different responses are shown: a unre- 

sponsive, b transient, c sustained, and d reverberatory 

and reverberatory. In the first case, the activity remains 

low throughout, and is mostly due to afferent rather 

than intracortical connections. Transient activity 

shows a distinct initial burst in the excitatory fraction 

of the neuron population, followed by a relatively 

silent period, analogous to what is called a phasic 

response in sensory physiology. Sustained activity is 

more or less constant for the duration of the stimulus 

but ceases shortly after stimulus cessation, whereas 

reverberatory activity remains locked in, once ini- 

tiated. It will be noted in our data that E and I[-cell 
activities, in general, follow a distinctly different time 

course. We will consider the E-cell activity as repre- 
senting the output of the cortex. 

A variety of networks were tested for selectivity in 

regard to orientation and shape. Orientation sensi- 
tivity was examined by prescribing elliptical stimuli of 

constant intensity, differing only in orientation. Shape 
selectivity was tested by comparing responses to sti- 

muli of circular and elliptical shapes. The areas stimu- 

lated were equal and contained approximately 200 

neurons. For the elongated stimuli the ratio of major 

to minor axis was chosen to be 5:1 in all simulations. 

The network is homogeneous in its connectivity, 

but anisotropic in the distribution of excitatory con- 

nections. We have chosen for the field of influence of 

an inhibitory neuron a circular region surrounding the 

neuron containing about 130 E-cells of which 25% are 

randomly chosen as postsynaptic to the given I-cell. 

The excitatory field was elliptical, with a ratio of 20:1 
for the major and minor axes. An E-cell’s field of 

influence covers an area consisting of approximately 

35 neurons, 85% of which were chosen to be postsyn- 

aptic to a given cell. 



\ 

. iy 

‘ —— ace 

Wann - oo eee 

) ' ' ‘ ' ' ‘ L 

\erccccrccce 
2 et ----e5--- 5s 

Fig. 4a—c. Stimulus pattern and spatial distribution of cell bodies (lower plane), hyperpolarized cells (2nd plane), depolarized cells (3rd plane) 

and cell firings (upper plane). The summed spike responses are shown against the projections of the boundaries of the stimulated region (vertical 

lines, upper plane). A set of planes for each stimulus configuration a-c indicate the state of the network at a given instant chosen arbitrarily 

from the middle of the runs. Distortions of the stimulus shape from elliptical or circular results from using an oblique coordinate system 

In Fig. 4 we show the characteristic response of a 

network to two elongated stimuli of different orien- 

tations (Fig. 4a and b) and the responses to a circular 

stimulus (Fig. 4c). 

Each set of planes in Fig. 4a—c represents the status 

of the network at a given instant and for a given 

stimulus shape and/or orientation. The iteration pre- 
sented was chosen arbitrarily from the middle of the 

run. The only changes in parameters in these separate 

runs were those associated with stimulus shape and/or 

orientation. The spatial distribution of the stimulus on 

the network is depicted in the lower planes where each 

set of points correspond to the position of some of the 

neuron cell bodies which lie within the stimulated 

region. A randomly chosen subset of these cells (in this 

case, a constant 40%) receive afferent EPSPs for the 

first 40 iterations. The next plane indicates the spatial 

distribution of those neurons which are in a hyper- 

polarized state, while the third plane from the bottom 

shows the distribution of depolarized cells. The magni- 

tude of depolarization or hyperpolarization for a given 

neuron is proportional to the height of the lines in 

these two planes. Finally, the upper plane shows a 

cumulative histogram of the number of firings of each 

cell in the network in response to the stimulus depicted 

in the lower plane. Here, the height of each line is 

proportional to the number of firings of a given neuron 

at the specified position. Also shown in the upper 

plane are the summed responses (total number of 

spikes) in two projection planes. The dashed vertical 

lines represent the projections of the boundaries of the 

stimulus on the two projection planes. Distortions of 

the stimulus shape from elliptical or circular are caused 

by the use of an oblique coordinate system to present 
the data. 

A comparison of Fig. 4a and b demonstrates 

orientation sensitivity in this network. The stimulus is 

oriented such that its major axis is normal to that of 
the field of influence of E-cells in Fig. 4a but parallel in 

Fig. 4b. Shape selectivity is revealed in Fig. 4c, where 

the same stimulus strength is applied to a circular 

region whose area is equal to the area of the elliptical 

regions in Fig. 4a and b. The activities of both cell 

populations are displayed in Fig. 5 where the insets in 

the lower, middle, and upper graphs correspond to the 
stimulus shapes and orientations shown in the lower 
planes in Fig. 4a-c, respectively. Here, «, , refers to 
the respective fractions of E and I-cell populations 
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Fig. 5. Activities of E and J-cell populations within the stimulus 

region. «, , denotes the fraction of the E-cell (solid lines) and J-cell 
(dashed lines) populations firing at a given instant. Stimulus shapes 

and orientations are shown schematically as insets and the double- 

headed arrow indicates stimulus duration 

(solid and dashed lines, respectively) within the stimu- 

lated region which are firing in a given iteration. The 

rather large fluctuations in [-cell activity are related to 

the small number of I-cells present (about 30). The 

“properly” oriented stimulus produces a reverberatory 
response in the E-cell population. For the “wrong” 

orientation, the E-cell activity can be described as 

unresponsive. This is also the case for the response to 

the circular stimulus. 
Orientation tuning curves were determined for 

both subpopulation responses under a number of 

different parameter conditions. This was accomplished 
by choosing elliptical stimuli (same area as in Fig. 4) of 

equal intensity, and presenting them for forty iter- 

ations in several orientations in separate runs. 

Examples of tuning curves are given in Fig. 6 which 

show the total number of firings (E,,/,) within the 

network for both E-cell (solid line) and I-cell (dotted 

line) populations as a function of stimulus orientation. 
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Fig. 6. Orientation tuning curves for E-cell (solid line) and I-cell 
(dotted line) populations. Each point corresponds to the total 
number of spikes in the population of E or I-cells within the 
stimulated region for the entire run. Stimuli were elliptical and were 

presented in different orientations in separate runs. The sense of the 
angle @ is shown in the inset 
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Fig. 7. Time course of action potentials for three E-cells and one J- 

cell, randornly selected from the central region common to all three 

stimuli. Two elliptical and one circular stimulus, covering equal 

areas were presented at constant intensity for 40 iterations. Each 

vertical line on the time scale represents a single action potential 

In this example, the time course of activity in the E-cell 

population for different orientations ranged from sus- 

tained to unresponsive. [-cell activities were sustained 

in all orientations. 
The corresponding time course of action potentials 

for single neurons, in response to circular and elliptical 
stimuli, is depicted in Fig. 7. These neurons were 

randomly selected from the central region common to 
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Fig. 8. Stimulus-response curves for rectangular pulses of different 

intensities, proportional to o*, presented in separate runs. Each 

point corresponds to the total number of E-cell firings, E,, within the 

stimulated region over a period of 45 iterations. Two stimulus 

orientations are shown (corresponding to the orientations @=0° and 

§=90°) and the insets depict the time course of E-cell activity for 

representative points within the locally addressable region 

all three stimuli. The stimulus orientations and area 
were identical to those in Fig. 4. The three E-cells show 

markedly higher response to the “correct” orientation. 

This was true for practically all E-cells examined. 
Single I-cells were not as predictable in their response 

characteristics. 

A prominent dynamic response in these networks 

is the appearance of phase transitions and hysteresis 
effects. In Fig. 8 we have chosen parameters which 
yield a transient response in the E-cell population 

when the stimulus intensity exceeds a critical value. 

Here, the curves labeled 90° and 0° correspond to the 

stimulus-response curves for the orientations shown in 

Fig. 4a and b, respectively. Each point on the stimulus- 

response curves corresponds to the total number of cell 
firings within the stimulated region over a period of 45 
iterations. The points are determined in separate runs, 

in which the same net is tested for the response to 

constant stimulation. Insets show the time course of 

activity in the E-cell population for representative 

points. In the “wrong” orientation (90°) the E-cell 

population is unresponsive, except for very high sti- 

mulus intensities where a transient response begins to 
form. The response increases approximately linearly 

with stimulus intensity. The curve for “optimal” orien- 

tation (0°) follows essentially the same course up to 

o* =0.3, where o* is proportional to stimulus in- 
tensity. However, between o* =0.3 and o* =0.35, the 

E-cell population undergoes a phase transition to a 
high transient response. 
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Fig. 9a and b. E-cell activity, «,, in response to a slowly increasing 

and decreasing stimulus presented in a single run (dotted and solid 

lines, respectively). In a, an elliptical stimulus in the “correct” 

orientation evokes hysteresis in the E-cell population, while in b the 

same stimulus in the “wrong” orientation causes unresponsive 

activity 

In Fig. 9 we show responses of E-cells to stimuli 

which are initially increasing (dotted lines), and then 

decreasing (solid lines). Two orientations are shown. 

The stimulus time dependence has a small slope to 

allow E-cell activity to approximate the steady state for 

any level of stimulation. The responses for each orien- 
tation were determined in a single run. Hysteresis is 
present (Fig. 9a) for the “optimal” orientation (0°), 

while the “wrong” orientation (90°) yields activity 

which is unresponsive (Fig. 9b). This hysteresis re- 

flects the cooperative character of the E-cell activity. 

Increasing the level of inhibition within the network 
causes the effect to disappear as the response changes 

from reverberatory to unresponsive. This illustrates 

the separate effects of excitation and inhibition which 

can also be derived from the schematic surface shown 

in Fig. 1. Here, successive cuts through the surface for 

three different levels of inhibition show the same 
transition from the high reverberatory to the low 
unresponsive character. 

Discussion and Conclusions 

In the primary visual system of cat and monkey, the 
transformation from circular to elongated receptive 



fields is abrupt. In cat, the transition occurs in the 
projection of LGN to striate cortex, while in monkey 
the transformation takes place between layer [Vc and 
layers above and below IVc in the visual cortex. Hence, 
the circuitry underlying orientation sensitivity in 
monkey has a cortical origin, while in cat this may or 
may not be the case. 

A fundamental question concerning the nature of 
the neuronal circuitry responsible for this transition 
remains unanswered. There appear to be two alter- 
natives. The orientation sensitive neurons may receive 
multiple inputs from specific orientation insensitive 
cells, and thus be individually wired to respond to 
elongated visual stimuli of specific location and orien- 
tation. Since many cells in a given cortical region 
exhibit the same orientation selectivity (the orientation 
columns), this field-specific wiring would have to be 
repeated a large number of times. An alternative 
possibility is that orientation sensitivity is accom- 
plished by locally anisotropic connectivity and cooper- 
ative interactions among these cells. 

We have investigated a particular version of this 
alternative. Here, visual afferents to a sheet of cortical 

neurons are assumed to be retinotopically organized in 

such a manner that stimulation of a certain region in 

the retina would produce excitatory inputs into a 
geometrically similar region on the cortical sheet. 

Orientation sensitivity of individual neurons is accom- 

plished by cooperative, anisotropic excitatory interac- 

tions within a local population constituting an orien- 

tation column. 
To examine this idea we have carried out computer 

simulations for a network consisting of 3000 interact- 

ing elements representing excitatory and inhibitory 

neurons. Local interconnections were generated in 

which the cells postsynaptic to excitatory neurons were 
distributed evenly over elliptical regions, while con- 

nections originating from inhibitory neurons were 
chosen to be isotropic. Regions of different sizes and 

shapes were stimulated by distributing EPSPs among 

cells within the selected region. The stimuli were 

maintained for a fixed time span, and then turned off. 

Parameters of the network were chosen in such a way 

that neural activity remained localized within or near 

the region of stimulation. Activity resulting from 

stimulation was classified as unresponsive, transient, 

sustained, or reverberatory. 

Results demonstrate that such networks can be 

tuned quite sharply to respond preferentially to stimuli 

of a given orientation. The nets were also selective for 

elongated shapes (of appropriate orientation), being 

relatively unresponsive to circular stimuli. Population 

responses often exhibit characteristic phase transitions 

and hysteresis effects observed by us previously in 

isotropic and randomly connected neural networks. 

DBO) 

The model is relatively independent of any one of the 
network parameters in the following sense: qualitative 
changes in the network’s response due to variations in 
a given parameter can be compensated by other 
parameter changes. The important variable is the level 
of excitability in the network. 

The origin of the anisotropy of excitatory neurons 
is not specifically attributed to either the axonal or 
dendritic fields. We have also studied connectivities 

incorporating both excitatory and inhibitory aniso- 
tropies, and anisotropic inhibitory connections with an 

isotropic excitatory distribution. In both cases, orien- 

tation tuning was observed for certain ranges of 
parameters. 

The results point up a simplicity of design with 

which the observed transition from circular fields to 

elongated, orientation sensitive fields may be accom- 

plished in the mammalian brain. The data therefore 

suggest that an intensified search be undertaken for an 

anatomical confirmation of such a_ scheme. 
Quantitative studies in which dendritic and axonal 

fields of cortical neurons in area 17 are carefully 
examined for anisotropies are now carried out in this 
laboratory. It is hoped that the accumulation of such 

structural data will make possible more realistic mo- 
dels of the visual cortex. 
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Biological Oscillators Can Be Stopped—Topological Study 
of a Phase Response Curve 

M. Kawato and R. Suzuki 

Faculty of Engineering Science, Osaka University, Toyonaka-shi, Osaka, Japan 

Abstract. Many biological oscillators are stable against 
noise and perturbation (e.g. circadian rhythms, 
biochemical oscillators, pacemaker neurons, bursting 
neurons and neural networks with periodic outputs). 
The experiment of phase shifts resulting from discrete 
perturbation of stable biological rhythms was de- 
veloped by Perkel and coworkers (Perkel et al., 1964). 

By these methods, they could get important insights 
into the entrainment behaviors of biological rhythms. 

Phase response curves, which are measured in these 

experiments, can be classified into two types. The one 
is the curve with one mapping degree (Type 1), and the 

other is that with zero mapping degree (Type 0) 
(Winfree, 1970). We define the phase response curve 
mathematically, and explain the difference between 
these two types by the homotopy theory. Moreover, we 

prove that, if a Type 0 curve is obtained at a certain 
magnitude of perturbation, there exists at least one 
lower magnitude for which the phase response curve 
cannot be measured. Some applications of these 

theoretical results are presented. 

1. Introduction 

Perkel and his coworkers investigated the con- 

sequences of inhibitory or excitatory synaptic input 

“between pacemaker neurons in abdominal ganglia of 

Aplysia and in strech receptors of Procambarus 

(Perkel et al., 1964). In this work they exploited the 

experiment of phase shifts resulting from discrete 

perturbation of rhythms of pacemaker neurons. By this 

method, they achieved success in getting important 

insights into the entrainment behaviors of pacemaker 

neurons. Generally, the phase resetting experiments 

can be used to investigate the behaviors of stable 

biological oscillators (e.g. circadian rhythms, bio- 

chemical oscillators, pacemaker neurons, bursting neu- 

rons and neural networks with periodic outputs). Their 
intrinsic properties as oscillators, their entrainment 
behavior under periodic forces and entrainment be- 
havior of stable oscillators interacting each other can be 

investigated by this method. Winfree pointed out that 

two different types of phase response curves were 

measured in the phase resetting experiment of circadian 
rhythms (Winfree, 1970). The one is the curve with 

average slope of unity (one mapping degree, ie. the 

Type 1 curve), and the other is that with zero average 
slope (zero mapping degree, i.e. the Type 0 curve). These 
two types of phase response curves have been found 

also in neural pacemakers (Winfree, 1977a). Why these 

two types of the phase response curve appear? To 

study this, we redefine the phase response curves 
mathematically and explain the difference between 
two types by homotopy theory. Applications of these 
mathematical results are developed. 

2. Definition of the Phase Response Curve 

In this chapter we explain the method of phase re- 

setting experiments and define the phase response 
curve after Winfree (Winfree, 1973). Objects of these 

experiments are only stable oscillators. Consider a 

physical quantity x into which the biological oscillator 

projects its internal state. Let the period of oscillation 

be t. We define phase @ as follows. At an arbitrary 

reference event (e.g. a maximum of x), ¢=0, otherwise 

o =t/t(mod 1) (see Fig. 1). Perturbation lasting for Tis 

applied to the free running oscillator at phase @— T/t. 
Here, we call ¢ as the old phase. A thermal pulse and a 

light pulse are examples of perturbations for circadian 

rhythms. Injection of some chemical substance is that 

for biochemical oscillators. An electric current across 

the membrane, orthodromic and antidromic stimuli 

are that for neural oscillators. The elasped time of the 

i-th reference event after perturbation from the end of 

0340-1200/78/0030/0241 /$01.60 
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Fig. 1. Measuring method of a phase response curve 
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Fig. 2a—c. Two types of PRC with different mapping degree (the 
Type 1 PRC and the Type 0 PRC) 

Type O Type 1 e 

(m*, >*) 
Fig. 3. The phase response surface (PRS) of an oscillation of 

glycolysis in yeast by injecting oxygen dissolved in buffer (from 
Winfree, 1975) 

perturbation is normalized by t and is denoted by the 

i-th cophase C9;. 

The i-th new phase 6; is defined as 

0.=i—C6,{mod 1). 

The i-th delay o; is defined as 

6,=¢+C0;—i=¢—06,mod 1) 

(see Fig. 1). Because the oscillator is stable, its period 
returns to t after a long period. So, 6; and o,; have their 
limits 6 = lim 0; and o = lima; respectively. We call 6 the 

new phase, and o the delay. Both @ and a are functions 
of ¢. Generally both 6(f) and o(¢) are called as the 
phase response curve (PRC). Obviously, o(¢) = ¢ — (9) 

holds. In this paper we call 6() the PRC, unless we say 

the contrary. In some cases C0,(), 0;(), and o;(@) are 
called PRC. In these cases PRCs are generally discon- 

tinuous and applications of PRCs are hard, so we don’t 
adopt this definition. We discuss this problem fully in 

Chapter 6. 

3. The Shape of a Phase Response Curve 

PRCs are measured in various fields of biology. 
Though objects of the experiments are different, very 

fundamental, common properties of PRCs exist. First, 

because both @ and @ are mod1, the PRC) is 
biperiodic. Second, as we shall prove in Chapter 5, 0(@) 

is a continuous function of ¢. So, while ¢ changes 0 to 

1, 0 can change only by an integral number. PRCs can 

be classified into separate types according to these 

integral numbers (i.e. average slopes of PRCs). This 
integer number is called as mapping degree in to- 

pology. We may expect that PRCs of all integer 

mapping degree have been found. In biology, however, 

only the PRCs of one mapping degree (Type 1 PRC) 

and the PRCs of zero mapping degree (Type 0 PRC) 

were found. We show PRCs of Types1 and 0 in 

Figure 2a and b respectively. Because of biperiodicity 

of the PRC, it is more natural to represent the PRC on 

the torus T* on which @ is scaled in the direction of the 
equator and @ is scaled in the direction of the meridian 

as in Figure 2c. PRCs drawn with dotted line in 

Figure 2a and b are the typical PRCs of Types 1 and 0 
respectively. In Figure 2a 0(6)=@ which means that 
eventually perturbation doesn’t affect the rhythm at 

all. In Figure 2b 6(¢)=const, so the new phase is 

independent of the old phase. 

Winfree pointed out that both the Types 1 and 0 

PRC were measured by varying the magnitude of the 

perturbation for an identical circadian rhythm 

(Winfree, 1970). To examine this fully, he measured the 

PRC ofan oscillation of glycolysis in yeast by injecting 

oxygen dissolved in buffer (Winfree, 1975). Varying the 
disturbance dosage of oxygen, he got a phase response 
surface (PRS) in Figure 3. The term “surface” means 
that the magnitude of perturbation is also varied. Here, 
an antero-posterior axis scales the old phase ¢, and a 
right to left axis scales the disturbance dosage of 
oxygen m, and vertical axis scales the new phase @. The 
perturbation of the magnitude m* delivered at the old 
phase $* switched off the oscillation. Winfree called 
the line (m*, ¢*) in 3-dimensional space as a singular 



axis. PRCs with less dosage than m* were Type 1 and 
PRCs with more dosage than m* were iiype 0!) He 
predicted that PRSs of biological oscillators generally 
resemble that of Figure 3 (Winfree, 1977b). In the 
following chapters we shall prove mathematically that 
this prediction is true under certain restrictions. 

4. Mathematical Formulation of the PRC and the PRS 

All terminology about the dynamical system in this 
chapter are explained in Appendix A. 

We redefine the PRC and PRS mathematically for 
the proof of theorems in Chapter 5. If a stable oscil- 
lation in biology can be described by a set of ordinary 
differential equations, it has a stable limit cycle because 
of its stability against noise and perturbation. We 
assume that the oscillator in its free running state can 
be described by a smooth flow (A) ¥:Mx R>M ona 
smooth manifold M, or by the following system of a 

differential equation with an equivalent vector field 
X (x)= ¥/6t|(x, 0) 

dx/dt =X(x). (1) 

The flow ¥ [or the system (1)] is assumed to have an 

elementary (AAA) stable limit cycle y with a period t. 

Here “elementary” is an extra assumption. But it is 

reasonable if we endow (1) with structural stability. We 

also assume that the oscillator can be described by the 

following Equation (2), or its equivalent flow 

Y(m):M x RM, when perturbation of the magnitude 

- mis applied on it. 

dx/dt =X(x)+m-Z(x,m). (2) 

When m=0, (2) accords with (1) and ¥(0)= ¥ holds. 

The following theorem has been known regarding 

the dynamical system with an elementary stable limit 

cycle (Guckenheimer, 1975). 

Theorem (Guckenheimer). Let ¥:MxR—-M be a 

smooth flow with an elementary stable limit cycle y. The 

stable set W°(x) (AA) of each xey is a) a cross section 

(AAAA) of y, b) a manifold diffeomorphic to euclidean 

space. Moreover, the union of the stable manifolds W*(x), 

xey, is an open neighborhood of y and the stable 

manifold of y. 

This theorem enables us to define eventual phase 

@, of (1) as follows. 

Definition 1. Let a phase map ¢:y—>S* be a ho- 

meomorphism such that for each xey, 

(P(x, t)) = $(x)+t/t(mod 1). Where S* is a unit circle. 

Definition 2. The eventual phase map .:Wy)>S* 

can now be defined as follows. For arbitrary ye W*(y), 

bv) = (x) {xe 7; lim dis (P(y, 1), ¥s 9) =O}. 

Fig. 4. An illustration of simple closed path y(m) 

From definition, for ye W*(x), b,(y)= (x). We as- 

sume that the state point of the oscillator is on y at the 

beginning of perturbation, and duration of pertur- 

bation is T regardless of the magnitude m. If z(x, m) has 

an appropriate regularity with respect to x, then for 
fixed m, 

¥(m)(y, T)= {¥(m)(x, T);xey} 

={¥(m\(¢ *(c), T);ceS*} 

is a simple closed arc in M because of continuity of the 
solution of (2) with respect to initial conditions and 

because of the uniqueness of the time-inversed system 
of (2). We call this closed arc y(m). (0) =y holds. y(m) is 

a set of state points at the ending of perturbation (see 

Fig. 4). 

Definition 3. The Phase resetting map (PRS) 

A(m, c):R* x S1>S! 

is defined for (m,c) such that 

Pimp “(c— T/t), The Wy), 

as follows 

Om, c)=,(¥(m\(p- (c— T/2), T)). 
For the fixed magnitude of perturbation m, 0(m, -) 

accords with the PRC, 6(¢) defined in Chapter 2. 

When the magnitude m is also variable, 6(-, -) accords 

with the PRS in Chapter 3. 

5. The Proof of the Existence of a Singular Phase 

Response Curve 

All terminology about homotopy group in this chapter 

are explained in Appendix B. 
In this chapter, we prove the existence of a singular 

phase response curve, and that Winfree’s conjecture is 

true under certain conditions. 

Lemma 1. If Z(x,m) satisfies appropriate regularity 

conditions with respect to (x,m) on M x D (where D is a 

section of R* containing zero), then @(m, c) is continuous 

with respect to (m,c) on Dx S*. 



Fig. 5. An illustration of the Theorem 1 

Proof. Step 1: Let us consider the following system. 

| dx(t)/dt =X(x(t)) + m(t)Z(x(t), m(t)) 

(dm(t)/dt=0. 

The flow of the system (3) is denoted by 

F:(MxD)xR-MxD. 

Because of regularity of Z(x,m) with respect to (x,m), 

the solution of (3) has continuity with respect to initial 

conditions. That is, for every x,¢M, m,€D, and for 
every ¢ >0, there exists 6 > 0 with the properties that for 

(x,™m); 

(3) 

dis ((x,m), (Xo, 119)) <0, 
MxD 

dis (F((x,m), T), F((X9, M9), T))<e 
MxD 

holds. The latter inequality can be written as 

dis ((Y(m)(x, T),m), (Y(mp)(Xo, T), Mo))<é.- 
MxD 

This means that 

dis (Y(m)(x, T), ¥(m,)(Xo, T)) <é. 
M 

Step 2: Because ) is asymptotically orbitally stable, 

for every y,>¢ W*(y) and every small neighborhood U(y) 

of y, there exists s>0 such that Y(y,,s)e U(y). Because 

of continuity of the solution of (1) with respect to initial 

conditions, for arbitrary ¢>0, there exists 6>0 with 

the properties that for every y; dis(),¥9)<6, 

Y(y,s)e U(y) and 

dis (V(y,s), (v9. s))<é 
M 

holds. 

Step 3: Guckenheimers theorem asserts that for 

every xey, W*(x) is cross section of y. So if neigh- 

borhood U(y) of y is sufficiently small, then for arbi- 
trary e>0, there exists 6>0 such that 

dis (v,,¥3)<d(y,,¥2€ U(y)) 
M 

SEZ 
N . 

Fig. 6. An example of PRS with SS of finite extension 

implies 

dis (x,,X,)<e(y,eW(x,), y2e W(x,)). 
M 

Definition 3, Steps 1-3 show the proof. Continuity 

of the first derivative of Z(x,m) with respect to (x, m) is 

sufficient. 

Lemma 2. y is a deformation retract (BBB) of W*(y). 

Proof. Guckenheimer’s theorem guarantees the exis- 

tence of invariant, smooth and sufficient small neigh- 
borhood U(y) of y whose boundary integral curves of 

(1) cross transversally. Apparently y is a deformation 
retract of U(y). The rest to be proved is that U(y) is a 

deformation retract of W*(y). Because y is asymptoti- 

cally orbitally stable, for every ye W7(y), €U(y) there 

exists continuous 7(y) such that ¥(y, T(y)) is on the 

boundary of U(y). We define homotopy (B) 

r,: W*(y) x I> W*(y) 

for every ye W*(y) and every te/. If ye U(y) thenr,(y)=y 

and if yéU(y) then r,(y) =¥(y, tT(y)). Because both T(y) 

and ¥ is continuous andr,(y)=y,r,:W(y)> U(), 7, is a 
required homotopy. 

It follows that W*(y) is homotopy equivalent (BB) 

to y from Lemma 2. So the fundamental group (BBBB) 

of W*(y) is isomorphic to the integer group Z and its 

generator is a closed path [y= (0)]. On the other hand 

generators of the fundamental group of the torus T? 

are the equator [a] and the meridian [b] (see Fig. 5). 

Theorem 1. /) If y(m) is homotopic (B) to y=y(0) in 

W*(y), then 0(m,-) is homotopic to a+b in the torus T°. 

2) If y(m) is homotopic to a constant mapping e in 

W*(y), then @(m,-) is homotopic to b in the torus T* (see 

Fig. >}. 

Proof. 1) Both »(m)=¥(m)\(@~ ‘(-), T): S'>W*(y) and 
O(m)=0(m, -): S'S! are continuous from Lemma 1. 

A(0,c)=c, that is @(0,-)~a+b. Because y(m)~y in 



W*y) there exists a homotopy G(c,t) such that 
G:S'xI>W*(y); G(-,0)=y(0), G(-,1)=y(m) and for 
fixed tel =[0,1], G(-,t) is a closed path in W*(y). For 
each teI, we define closed path H(-,t) on torus T? as 
we have defined a PRS in Definition 3. That is H(.,t) 
=,(G(-—T/t,t)). Because G(c,t) and @, are con- 
tinuous, H(c,t) is continuous with respect to (c,t). 
Moreover, it is a homotopy H:S!xI->S!; H(-,0) 
= 6(0,-), H(-,1)=60(m,-), so 0m, -)~ 00, -)~ a+b. 

2) We can define a closed path 0, on the torus T? 
from a constant mapping as Definition 3, then 6,.~bin 
T’. The rest of the proof is same as 1). 

&(m,-)~a+b implies that the PRC for the magni- 

tude m is Type 1. 0(m,-)~b implies that the PRC is 

Type 0. If y(m)~ ny, then 0(m,-)~na+b and the PRC is 

Type n. However this has not been observed in bio- 

logy. Now all y(m) is listed up from Lemma 2. 

Theorem 2. If there exists my¢D such that 0(mo,-) is 
homotopic to b, then there exists at least one 

m*(0<m* <m,) with the property that 

Ym*)OW(y) = {}, 

in other words the PRC for this magnitude m* is singular. 

Where, W*(y)° is complement of W*(y) in M. 

Proof. If for all m; 0<m<mpo, y(m)AW*(y) = {¢}, then 
there exists homotopy Fic, t) such that 

F(c, t)=O(mot, c):S' x I>S', 

F(c,0)=6(0, c), F(c, 1)=0(mp,, c) from Lemma 1. It fol- 

lows that 

a+b~06(0,c)~ Om, c)~b 

in T’. This is a contradiction. 

Theorem 2 says that if Type 0 PRC is measured for 

a certain magnitude of perturbation, then there exists 
at least one smaller magnitude for which a PRC is not 
defined. That is, the perturbation of magnitude m* 

delivered at an appropriate old phase stops oscillation. 
In phase resetting experiments of circadian rhythm, 

PRCs are often measured for varied durations with 

fixed magnitude of perturbation. In this case we can 

prove the following as same as before. If a Type 0 PRC 

is measured for certain duration of perturbation, then 

there exists at least one shorter duration for which a 

PRC is not defined. 
If the PRC for m is not defined, then 

ym) rn W%(y) = {Ph 
Now we define a singular set SSeD x S' as follows. 

SS ={(m, c)eD x S1: P(m)\(" ‘(c—T/t), The W(y)'} - 

SS may be a point (m*,c*), or may be a (un)connected 

domain(s). In the former case, Winfree called (m*, c*) as 
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Fig. 7. Discontinuous PRCs measured by Perkel et al. (1964) and 
Pinsker (1977) 

a singular axis. In the latter case, an example of a PRS is 
drawn in Figure 6. If (m,c)eSS, then perturbation of 
magnitude m at phase c turns off the oscillation. 

The PRS is very steep near the singular axis in 
Figure 3. It is also very steep near the frontier of SS in 

Figure 6. Guckenheimer proved that this is true for 

many (in some sense) dynamical systems with an 
elementary stable limit cycle (Guckenheimer, 1975). 
From this, we can say that @(m,c) is continuous on SS° 

but it is not uniformiy continuous for many dynamical 
systems. 

After all we can say that if a Type 0 PRC is 
measured for some magnitude of perturbation, the 

PRS seems like a full or hollow cork screw whether SS 
is a point or a domain(s) because of its periodicity as to 
@ and 0. In the following chapters applications of these 

results are developed. 

6. A Discontinuous Phase Response Curve 

As Winfree pointed out, discontinuous PRCs have 

been obtained in neurophysiology (Winfree, 1977a; 

Perkel et al., 1964; Pinsker, 1977). These discontinuous 

PRCs are different from singular PRCs in Chapter 5. 
Above stated two discontinuous PRCs are re-drawn in 
the form of the first new phase vs the old phase, 0,(), 

in Figure 7. The reference state (¢ =0) is the time of a 

spike for the PRC of Perkel et al., and it is the 

beginning of burst for the PRC of Pinsker. In both 

cases, the PRCs are discontinuous at ¢ =0. As we have 

stated in Chapter 2, discontinuity of these PRCs comes 

from their definition, that is, these PRCs are of the first 
newphase 0), the first delay a, or the first cophase C0,. 

For simplicity, we explain this discontinuity in a 

two dimensional dynamical system on a (X, Y)-plane. 

Let us consider the system in Figure 8a with a stable 
limit cycle y, the phase mapping @ on y, stable 

manifold of every point of limit cycle (this is a curve in 

the two dimensional case) and a simple closed path 

y(m) which is a set of state points perturbed for 

duration T. The reference state is set at the time of 

maximum of Y. Spike line (denoted SL in Figure 8a) is 
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Fig. 8a and b. An illustration of discontinuous PRCs. 6(¢) and 6,(¢) 

of a certain 2 dimensional dynamical system 

0" 
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Fig. 9. Spike Line (SL) and stable manifolds of BVP model 
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Fig. 10. Two modes of control of oscillators in neurobiology. (P) 
Phasic control. (T) Tonic control 

See | 
Fig. 11. Two neural oscillators one of which is entrained by the 
inputs from the other 

defined as a set of points where Y gets maximum along 

the orbit of the system. The PRC of the new phase vs 

the old phase, 0(@), is drawn by a solid line in Figure 8b 
on the basis of stable manifolds. As we have proved in 

Chapter 5, this PRC is continuous. On the other hand, 
if we draw the PRC of the first new phase vs the old 

phase, 0,(¢), on the basis of the first reference state 

after perturbation, then it is discontinuous as a dotted 

line in Figure 8b. The reason of this is as follows. If 
perturbation is applied immediately after the maxt- 

mum of Y, then the state point of the system comes 

fully close to a stable limit cycle at the time of the first 
reference state after the perturbation. So 6, is close to 0 
because SL and W*(@~ 1(0)) meet on the limit cycle. On 

the other hand, if Y reaches its maximum immediately 

after the end of perturbation, then 0, is very different 

from 0. So, 6,(@) is discontinuous at the old phase 
where SL crosses y(m). Let us consider Fitzhugh’s 

BVP-model to examine this problem concretely. BVP- 

model is as follows. 

ee =¢(y+x—x?/3) (4) 
dy/dt= —(x—a+by)/c, 

where, x is the minus quantity of a membrane poten- 

tial, and y is the quantity of refractoriness. a, b, and c 

are constants satisfying 0<b<1,c>0,b<c?. From the 

stability analysis of the equilibrium point and 
Poincaré-Bendixons theorem, we can say that the 

system has a stable limit cycle if 

lal <(1 —b/c?)1/2(1 — 2b/3 — b?/(3c?)). 

In this parameter region we calculated stable manifolds 

by computer simulation. The reference state is a set at 

the minimum of x (i.e. maximum of the membrane 

potential). So, SL is the left part of a set of points 

{dx/dt =0 i.e. y=x*/3 —x} to the equilibrium point (see 
Fig. 9). 

Perkel et al. said that conditions of entrainment of 

a pacemaker neuron with a natural period t to synap- 

tic inputs with a period s is that the function o,(@) 
+(t—s)/t has its zero point with a slope between 0 and 
2 and the stable phase delay is the old phase at this 
zero point (Perkel et al., 1964). But, it does not matter 

when the oscillator is at its reference state after the 

perturbation and it do matter where the statepoint of 
the oscillator is at the beginning of a next perturbation. 
So o() must substitute for o,(@). 

Other reasons of discontinuities of PRCs 0,(#) may 

be possible. To begin with, pacemaker neurons and 
bursting neurons may not be able to be described by a 
system of ordinary differential equations. Nevertheless, 
it seems like that @(m,c) is continuous under certain 
appropriate conditions for general evolution equations 
such as partial differential equations or ordinary differ- 



ential equations with time lag. Even if one would like 
to measure 6,(¢), it is desirable to measure O(d) at the 
same time. 

7. Applications to Neurobiology 

In this chapter applications of the PRC and PRS to 
neurobiology are developed. 

7.1. Two Modes of Control of the Neural Oscillators 

Some neural oscillators must be switched on and off by 
the central nervous system (CNS). In these controls 
two modes are possible. The one mode is a phasic 
control (P) and the other is a tonic control of an 
oscillator (T). In case of the phasic control, the starting 
signal and the stopping signal from the CNS to the 
oscillator are phasic signals. In the tonic control the 

CNS must keep sending a pulse train to the oscillator 
to maintain its oscillation or to keep it in the resting 
state. We can decide whether a certain neural oscillator 
is controlled under the phasic mode or under the tonic 
mode by examining the PRS of that oscillator. In case 
of P, the SS of the PRS is a domain with finite 

extension, and in case of T it is a point. 
For simplicity we explain these two modes of 

controls in the two dimensional dynamical system (see 

Fig. 10). In the case of the phasic control, the state 

point is on the stable equilibrium point X, in the 

resting state. It is driven out of the inside of an unstable 

limit cycle y by the starting signals from the CNS, 

and it keeps rounding along a stable limit cycle y* 

until it is driven into the inside of y~ by the stopping 
signals from the CNS. CNS can switch on and off the 
oscillator quickly. The period of the oscillation is 
inherent in the oscillator, and stable against various 

perturbations. The CNS must be informed of phase of 

the oscillator to switch it off. Though the switching off 

mechanism is different from the phasic control, the 

neural network of the escape of Tritonia is the example 
of the phasic control (Harth et al., 1975). In engineer- 
ing, these types of oscillators are called as hard 

oscillators. 
In the case of the tonic control, the oscillator at rest 

is described by a dynamical system with a unique 

stable equilibrium point X,. In oscillation, it is de- 

scribed by a dynamical system with an unstable 

equilibrium point X, and a stable limit cycle y (see Fig. 

10T). When the starting signal from the CNS arrives or 

the stopping signal ceases, X, becomes unstable and y 

is formed around it. Then the state point becomes to 

round y. In this control, the CNS takes a relatively 

long time to turn on regular oscillation or to turn off 

the oscillation at all. The period of the oscillation is a 

function of the frequency of a pulse train from the CNS 

and it is sensitive to perturbation. The oscillators of 
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flight in a locust and the oscillator of a swimmeret of a 
crayfish are examples of oscillators under tonic control 
(Wilson, 1961 ; Stein, 1974). These oscillators are called 
as soft oscillators in engineering. 

7.2. Hierarchy of Neural Oscillators 

In some cases, each oscillator interacting each other 
can oscillate apart from the rest of the organ. In this 
case, can we decide which oscillator is the true pace- 
maker? Let us consider two oscillators. The one 
oscillator (A) acts on the other (B) through the synapse 
(S1) at its spike (see Fig. 11). If the oscillator B is 
synchronized to the output of A, in other words if B is 
governed by A, then the PRC (@) of B for per- 
turbation such as a synaptic inpui through other 
synapse S2 than S1 or electric current across the 
membrane is a typical Type 1 PRC. Vice versa. The 
PRC 6,(¢) for these perturbation is not typical Type 1. 

If we dissect the axon from A to B and measure the 
PRC of B with orthodromic stimulation of this axon, 

then both 6() and 6,(@) are not typical Type 1. 

8. Conclusions 

PRCs can be applied to investigate properties of 

oscillators, their entrainment behavior to periodic 

external inputs, controls of oscillators and interactions 

between oscillators. Here topological properties of 
PRCs are studied by the theory of a dynamical system 

and the homotopy theory. PRC is especially efficient to 
investigate human oscillatory neural networks which 

reject analytic investigations such as electrophysi- 

ology. We are studying psychologically human finger 

tapping neural networks by the PRC on the basis of 

theoretical results developed here (Yamanishi et al., 

1978). 
Theoretical questions are left about generalization 

of discussions in Chapters 4 and 5 to general evolution 
equations. Why in biology only the Types 1 and 0 

PRCs have been measured? Is it because the technique 
of delivering perturbation is poor? If the dynamical 

system describing the biological oscillation is two 

dimensional, we can prove that the PRCs are only 

Types 1 or 0. 

Appendix A 

(A) flow: Flow ¥:M x R>M is defined as ¥(x,t)=y if 

the state x becomes the state y after t units of time. The 

map ¥ is to satisfy the usual flow properties ¥(x,0)=x 

and (x,t, +¢,)= (V3, t,), t). 

(AA) stable set: If ¥ is a flow on M and S is a 

subset of M, then the stable set of S, denoted W*S), is 

the set of points y for which d(W(y,t), ¥(S,t))0 as 

t— oo. If stable set is also a manifold, it is called a stable 

manifold. 
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(AAA) elementary stable: The Poincaré map of y is 

denoted as @. One says that y is an elementary (or 

hyperbolic) limit cycle if the matrix DO, of first partial 

derivatives of @ at xey has no eigenvalues of absolute 

value one. 

(AAAA) cross section: Let ¥: M x R>M bea flow 

with a periodic orbit y of period t and let xey. A cross 
section of y at x is a submanifold NCM with the 

following properties : 
1) xeN and Nay= {x}. N is the closure of N in M. 

2) T.N+ Ty=TM. 

Appendix B 

(B) homotopic: Let X and Y be topological spaces. If 

for two continuous mappings f,g:X—Y, there exists 
continuous mapping F :X x I>Y with the properties 

that F\(X x {0})=f, F\(X x {1})=g, then one says that 

f and g is homotopic and denote f~g. F is called 

homotopy between f and g. 
(BB) homotopy equivalent: Let X, Y be topological 

spaces, f,g be continuous mappings; 

PX YG) ix mati Baie eX Vey 

be an identity mapping. If gf~1,, fg~1,, then X is 
homotopy equivalent to Y. 

(BBB) deformation retract: If a continuous map- 

ping r from X to A which is a subset of X satisfies the 
following properties : 

(ote vb ily 
2) If we consider r as a continuous mapping from 

AmUOexe LNCinT Ly sand isshomotopy {7} (y=, 
r,—1) satisiies 7,|A— I ,, 

then one says that A is a deformation retract of X 

and call r:X—A asa retraction. If A is a deformation 
retract of X, then X is homotopy equivalent to A. 

(BBBB) fundamental group: Let X be an arcwise 

connected topological space. The set of all paths which 

have x,eX as a base point {w;w:I—>X,w(0)=w(1) 

=X} classificated by the relation of homotopic 

equivalent (~) is called as a homotopy class of closed 

paths having x, as a base point and is denoted 

7 ,(X,X,). We introduce the structure of a group into 

7,(X,X,) by defining product w-w’ of two elements 

w, W'€7,(X,x,) as a closed paths having x, as a base 
point. This group is called as a fundamental group of X 
with x, as a base point (or 1-dimensional homotopy 

group or Poincaré group) and is denoted 7,(X, Xo) 

again. Because X is arcwise connected, the fundamen- 

tal group is decided independent of a base point. We 

call this as a fundamental group of X and denote 7, (X). 

If X is homotopy equivalent to Y, then 7,(X) is 

isomorphic to 2,(Y). 
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